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ABSTRACT. We introduce a notion of the Kirichenko space
which is connected with the notion of Gorenstein matrix (see [2],
ch. 14). Every element of Kirichenko space is an n X n matrix,
whose elements are solutions of the equations a; j +a; ;i) = @i (i)
ar; = 0 for ¢,7 = 1,...,n determined by a permutation ¢ which
has no cycles of the length 1. We give a formula for the dimension
of this space in terms of the cyclic type of o.

Introduction

We remind some definitions and notions from [2], ch 14. Denote by
M,,(B) the ring of all n X n matrices over the ring B. Let Z be a ring of
all integers.

An integer matrix £ = (a;;) is called

an exponent matrix, if a;; + ajx > ay, for all 4, j, k;

an reduced exponent, if a;; + a;; > 0 for all 7, j.

A reduced exponent matrix £ will be called Gorenstein, if there exists
a permutation o of {1,...,n} such that a;x + aj ) = @i o()-

We will denote o by o(£). As usual, we will call o(€) the Kirichenko
permutation. Note that o (&) of Gorenstein matrix has no cycles of length
1. We will name relations of the type a;x + aj o(;) = a;,(;) Gorenstein
relations.  Exponent matrices are widely used in the theory of tiled
orders over a discrete valuation ring. Many properties of tiled orders and
their quivers are fully determined by their exponent matrices. Gorenstein
matrices appeared at the first time in [5].

Type your thanks here..
Key words and phrases: Gorenstein matriz, Gorenstein tiled order.
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It is easy to see, that from the condition a; + a; 51) = @iy for
i = k we obtain a = 0 for every k, 1 <k <n.

Theorem. (see [1], p. 17) Let permutation o of the set {1,2,...n} be
arbitrary permutation without fixed elements. Then there exists Goren-
stein matrix A with o as Kirichenko permutation, such that all elements
of A belong to the set {0, 1,2}.

Proof. Matrix A, which has o as correspondent Kirichenko permutation
may be constructed in direct way:

a;i="0and a;,; =2fori=1,...,m;

a;j =1 for all 4, j € [1,n], such that i # j and j # o (7).

It is obvious that such matrix will be Gorenstein and o will be Kirichenko
permutation. ]

Exponent matrices A, B are called equivalent, if one may be ob-
tained from another by the following transformations:

1) adding an integer to all elements of some row with simultaneous
subtracting it from the elements of the column with the same number.

2) simultaneous interchanging of two rows and equally numbered
columns,

or by compositions of such transformations.

Theorem (see [1], p. 15): Under the transformations of the first
type Gorenstein matrix goes to Gorenstein one with the same Kirichenko
permutation.

Note that transformations of the first type define free commutative
group with n generators.

If one consider matrices

0 0 0 -~ 0 0
1 0 0 - 0 0 .
g 1t 0 00 andGQm:<HT HY )
1 1 1 -0 0
1 1 1 - 1 0

where Hy(,%) = FE + H,,, then it will be easy to see, that H,, is Gorenstein
matrix with Kirichenko permutation o(H,,) = (n,n—1,...2,1), and Gy,
m
is Gorenstein one with Kirichenko permutation o(Gap) = [] (¢, m + 7).
i=1
A matrix B = (b; ;) is called (0, 1) matrix, if b; ; is either zero or one.
Theorem (see [1], p. 15): Gorenstein (0, 1) matrix is equivalent
either H,, or Ga,,.
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Theorem (see [1], p. 15): If A is Gorenstein matrix with Kirichenko
permutation o, and B is obtained from it by transformation of the second
type, defined by transposition 7, then B is Gorenstein matrix with the
permutation 7oT.

According to the last theorem, without bounding of generality we may
suppose that for the cyclic index {l,...,l;} of correspond Kirichenko
permutation the conditions 2 <y < ... <, and Iy + ... +1; = n take

7
place. Denote n; = Y I for every 1 < i < g. Then o will look as
k=1

c=L2...n)(m+1,ni+2...,n2) - (ng—1+1,n9-1+2,...,ng).

Further we will consider only Gorenstein matrices and under equiv-
alence of matrices we will consider possibility of obtaining one from
another only by transformations of the first type.

One may come to a question of describing of Gorenstein matrices in
inverse way to the one, presented in the definition. In the set of square
matrices of order n over the field K of characteristic 0 consider linear
space K(n,o) of all matrices A = (a; ;) such that Gorenstein relations
take place for A.

When a problem of describing of such matrices will be solved, it will
become possible to talk about restrictions, generated by inequalities from
the definition of reduced exponent matrix.

If A€ K(n,o), B is equivalent to it, then B € K(n,o), and every
equivalence class contains the unique matrix with zeros at the first line,
which is canonical representor of the equivalence class. Call matrix
is called Kirichenko matrix. More over, it’s easy to see, that for
Kirichenko matrix from the condition a;x + ays(;) = a;4(;) for i = 1
one may obtain a1y = 0 for all k. It is easy to prove that the set
of Kirichenko matrices is linear space and we will name it Kirichenko
space.

We need the next notations. Let A = (a; ;) be Kirichenko matrix of
order n with Kirichenko permutation o, and o is the product of ¢ cycles
of length I1,l2,...,1l,, respectively 2 < I; < l;41, 1 < i < ¢ —1 and
l1+...+lq:n.

The main result of this work is calculating the dimension of Kirichen-
ko space. To do this, some elements of Kirichenko matrix were considered
as parameters, and represent all another elements of matrix in terms of
these parameters. The relations which represent the elements of matrix
through parameters we name element relations, and relations between
parameters we name count relations. We were succeed to find the set
of parameters, element and count relations in the form such that it is
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possible to prove the equivalence of the set of Gorenstein relations to the
set of element relations and count relations. After this, we were succeed
to find the formula for the defect of the system of count relations i.e.
the dimension of Kirichenko space may be represented in terms of cyclic
index of Kirichenko permutation o as

q
2—-2q+ Z |:l2r:| + %Z(lm lr),
r=1

r#s

where (a,b) denotes the greatest common divisor of numbers a and b, and
[x] denotes integer part of a number x which is the greatest integer, not
larger then x.

Definition 1. Denote xj, = a1 for every k, 2 < k < n. For arbitrary
r, 0 <r < gq, and for every k, n, +2 < k < n, denote as well z, =
= Qp,+1,k- Variables xj, and 2, we name parameters.

Definition 2. Element relation is formula which is corollary of Goren-
stein relations and expresses some element of Gorenstein matriz as linear

function of parameters. Full set of element relations is set of relations
which contains the formula for every element of matriz A.

Example 1. Relations

are element.

Really, if we substitutes value ¢ = 1 to the equality ak; + a; () =
ag.o(k) and take into account the fact that the first row of A is zero, we
obtain the necessary relation.

Example 2. Relations
a2 = 0, 1<k<n
Ak .k = 0, 1<k <n (02)
a1, =0, 1<k<n

and definition of parameters are element relations.

Element relations from two previous examples we name trivial.
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1. Element relations are corollaries of Gorenstein rela-
tions

Proposition 1. Equalities (0.1)-(1.11) are full set of element relations,
where

Tp—1, fkF#ns+1 foranys

For everym, 3<m <nq, everys, 1 <s<qg—=1 and every k, ngs +
1, <k <ngy orm+1<k <ny write out

agg = { Trgirs ka ne + fOT' some s (13)

m—1 m—3 )
Y. Ti— D Tng—is ifk=ns+1;
=2

i=0

m—1 -1 m—Il—2
Ao =4 D Ti =) Thei — p, Tpyy—is fk=ns+1, 2<1<m—2;

=2 i=1 =0

m—1 m—2

Yoxi— > Ty, fns+m—1<k<ng,orm<k<ng

\ =2 i=1
(1.4)

and

m—1
S oxiy ifk=ns+1,
=

m—2
Z xns+1_i -
=0 2
1

-1 m—I—1 m— )
Uk = D2 Theit+ D, Tng—i — 2, Tis fk=ng+1, 2<1<m
i=1 i=0 i=

m—1 m—1
oo xp—i— O, Ty ifns+m<k<ng,orm<k<mn
i=1 i=2

(1.5)

Wrriting out element relations for other elements of matriz A, we will

write indices of its elements as ag, and an, i, where k> m for n, +

1 <m < npy1 and some r, 1 < r < q—1. in this case for every

s, 7<s<gq-—1,and k, ns+1 <k < ngyy relations (1.6)-(1.11) look
like:

G g = 4 TR Aot if k=nsy1, s> (1.6)
Mrt Tk — 2kt ifns+1<k<ng, s>r '

Tk, 'Lf k= MNy41-
= : 1.7
Anr+1 { Tk — Zhilr Zf ny + 1<k< Mgl ( )
Ak n,+2 = Tn,.+1 — Rk, ifk>n,+2 (18)

G = Trgpr — Tnp+1 + Zngyrr ifk=ns+1, s>r
et Tho1 = Tppt1 + 2h—1,0, s +2 <k <ngp1, k>np+2
(1.9)
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m—1 m—3
—Zngp1—m+3,r T Y Tnpti— ) Lngy1—is
=1 i=0
ifk=ns+1>n,.+m;
m—1 m—[l—2 -1
— 7Zns+1_m+l+277" + Z xnr‘i’i - Z ‘/'Uns-ﬁ—l*i - Z :Ek_i,
Ak,nr+m = i=1 i=0 i=1
ifk=ns+1l>n,4+m 2<1<m—2
m—1 m—2
—Zk—m42s t+ Z Tnp4i — Z LTh—i,
i=1 =1
ifng+m —1<k < ngpq, k>n, +m;
(1.10)

m—1 m—2
Zngp1—m42r = D, Tpeti T D Trgys—is
=1 =0

ifk=ns+1>n,+m;

m—1 -1 m—I—1
Zngpr—mAltlr — Do Tnpti T DL Thoit D Tngi—is
i=1 i=1 =0

ifk=ns+Il>n.+m, 2<1<m-—1;
m—1 m—1
Rk—m+1,r — Z Tnp+i T Z Lh—i,
i=1 i=1

ifng+m<k<ngy1, k>n,+m.
(1.11)

O, 4+mk =

For proving this proposition we need the following lemmas.

Lemma 1. If 3 < m < n;, max(ns+ 1,m + 1) < k < ngy1, then
relations (1.4) and (1.5) are corollaries of Gorenstein ones.

Proof. Consider equality ag y+aj 3 = 2, whence, using (1.3) obtain, that
ag3 = T2 —Tn,,, ifk=ng+1,and ap3 = wo—z)_1 if ns+2 <k <ngyq,
which is equality (1.4) for m = 3.

Consider ap3 + azp+1 = xp, k # nsp1. For use (1.4), consider
situations k = ns+1 and k # n,+1. For k = ng+1, obtain (z2—xy,,,,) +
a3,n,+2 = Tn,+1, Whence agp = xp_1+p, , — T2, for p = ns+2. Consider
situation, when ng+2 < k < ngyq. In this case (xo — 1)+ a3 p41 = g,
whence a3 41 = Tr+2p—1—x2, thatis a3z, = vp_1+xp_2—w2 for n,+3 <
p < nst1. Now, substituting k£ = ns41 to an equality ag3 + a3 o) = Tk,
we obtain equality (1.5) for m = 3.

Let us prove the validity of relations (1.4) and (1.5) for 3 < m < ny
by induction. The induction base is just proved. Suppose these relations
to be valid for some m, 3 < m < ny,. Let us proof their validity for some
m + 1 too.
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Consider equality @,k + @gpme+1 = Tm, m < n1, whence ag 41 =
Tm — am,k.

m—2 m—1
For k = ns + 1 we obtain a1 = Tm — < Y o — D $l> =
1=0 i=2
(m41)—1 (m+1)-3
>, ®— Y, Tn,, —i, which is necessary.

Fix [ € [2,m—1]. Then for k = ns+1 we obtain ag ym+1 = Tm—am i =

m—I—1 m—1 (m+1)—-1 -1
DO I R SIS e
i=1

i=2 i=2
(m+1)—1-2
— Z Ty, —ifork =ng+1,2 <1 < (m+41)—2, which is necessary.
=0

Consider equality ay, k + ag g(m) = Tm for k, ns+m <k < nsy; and

) m—1 m—1 (m+1)—1
obtain ag m41 = Tm — m ke = Tm — ( Do Tp—i— D, IL‘z> = >  x—
i=1 i=2 i=2
(m+1)—2
o xp—iyns+(m+1)—1 <k <ng.
i=1
Thus we have proved that ag 41 =
(m+1)—1 (m+1)—3
Z Ty — Z xns+17i7 ka = Ns + 17
=2 0
(me1)—1 - (m+1)—2-1
= Z Ewk ;= E Tngyq—is ifk:ns—i-l, 2<l<m
=2 =0
(mfl—l) (m+1)
Z T; — Z Tip_iy ifk>ns+m—1
i=2 i=1

Consider equality aj m+1 + Gmt1 k+1 = Ty k 7 M.
Let k = ng + 1. Then ami1n42 = Tng+1 — Ang+1,m+1 = Tng41 —

m m—2 (m+1)—1 (m+1)-3
<Z Ti — Z xns+1_i> = Tp-1— Z T+ E Tngr1—i = dm+1,p 5
i=2 i=0 i=2 i=0
forp=ns+1, [ =2.
Let k = ns+ 1,2 <1 <m—1 Then api1p,4041) = Tne+l —
m -1 m—Il—1 (m+1)—1
“Ong+lm+1l = Tng4l— DT — ) T Z Tngp1—i | = — > T+
1=2 =1 =2
(I+1)-1 (m+1)—(1+1)—1
Y. Tleg1)—it T, —i, Which is the same as ayy41,n,41 =
i=1 i=0
(m+1)—1 1—1 (m+1)—1-1

=— > m+ Y xp_i+t Y Tpg-ifor3<I< (mA41) -
i=2 i=1 i=0
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Let ng +m < k < ngy1. Then Am+1,k+1 = Tk — Agm+1 = Tk —

m m—1 m m
- <Z Ti— Yy, iﬂk—i) = =2 i+ >, Tpp1—i, for ng +m < k < gy,
=2

=1 i=2 i=1
(m+1)—1 (m+1)—1
which is the same as a1 =— >, i+ Y, xp—; forng+(m+
i=2 i=1

1) <k <ngpr.
Consider equality ay m+1 + Umilok) = Tk for K = ns41, and ob-

m m—1
tain Am41n+1 = Tngy = Angyymtl = Tngq — <Z Ti— ) mns+1—i> =
=2 =1

(m+1)—2 (m+1)—1
Y Tpg—i—  », T =Gmy1p , Where p=mng + 1.
=0 =2
thus we have proved that a,, 411 =

(m+1)—2 (m+1)-1
2 Tna—i— 2, @ ifk=ns+ 1,
=0 =2
l_f (m+1)—I-1 ' (m+1)—1
=9 D Tpit D Tng—i— v, fk=ns+1, 2<l<m+1 ,
i=1 i=0 i=2
(m+1)—1 (m+1)—1
Z Tk—i — Z x;, if ng + (m + 1) <k< Ns41
i=1 =2
and it finishes the proof of relations (1.4) and (1.5). O

Fix arbitrary r, 1 <r < ¢—1, arbitrary s, » < s < ¢—1, and consider
k, ng+1 <k <nsy1. For convenience instead of zj , we will write 2.

Lemma 2. Forr, s and k from the intervals noted above, equalities (1.6)-
(1.9) take place.

Proof. Consider equality ak n,+1 + @, 41,0(k) = Tk- For k # nsi obtain
Ak np+1 T 2k+1 = Tk, Whence ag .41 = T — 241

Considering k = n,11 obtain ay, ., n,+1+an,+1,n,+1 = Tn,,,, Whence
Ak, +1 = Tk, that is

a . T, if k= MNyp41-
komrt1 Tk — 21, Hny,+1<k<n.

which coincides with (1.7).
For k = ngy1,s > r obtain an, 4 n,+1 + dnpt1,n,41 = Tn,,,, Whence
Aknp+1 = Tk — Zng41, that is

a ) Tk — Zng+1, if k= Ng4+1-
knrtl Tk — 241, fns+1<k<ng

which coincides with (1.6).
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Consider equality ay, 41k + Gkn,.+2 = Tn,+1, Whence, according to
denotations, aj n,+2 = Tn,+1 — Gn, 41,k = Tn,+1 — 2k, Which is (1.8).

If [, > 2, then consider equality a ,,+2+an, 12 k+1 = T for k # ngy.
Whence ay,, 42 k41 = Tk — Ak n,42 = Tk — Tpn, 41 + 2k, that is

Un,+2,p = Tp—1 — Tn,+1 + 2p—1 for p #ns +1.

For k = ngy1 obtain an, ; n,+2 + @n, 42,41 = Tnyyy, and so

An,+2,k = Tngpr = Ongpine+2 = Tngq — (Tn,+1 — Zngir)
for k = ns + 1, whence

) Ty — Ty 1+ Zngys Ak =ng 41, which is (1.9).
PP @pet = Tny1 +2pe1, g +2<k<ng O

Leaving in force denotations for boundaries for r, s and k, consider
arbitrary m, 3 <m <I,.

Lemma 3. For everyr, s, k and m from noted intervals, relations (1.10)
and (1.11) are corollaries of Gorenstein relations.

Proof. Proof by induction for m.
Consider the equality ay, 42k =+ @k n,+3 = Tn,4+2, Whence

Ak np+3 = Tnpt2 — 42 ks 1€

, and so

Ak np+3 = Tr,41 + Tn42 = Tngyy — Zngys L k=ng+ 1
. Tny+1+ Tp,4+2 — Th—1 — Zk—1, if k& 7& ns + 1

obtain induction base for (1.10).

Consider equality agpn,+3 + an,+3x+1 = o for k # nep1, whence
Gn,+3p = Tp—1 — Qp—1,n,+3, for ng +2 <p <mngyq.

For k # ng 4+ 2 then the last equality is equivalent to ay, 435 =
Tp—1— (T, 41+ Tp g2 —Th—2— 2k—2) = Th—1 +Th—2— T, 41— Tn, 42+ 2k—2.

For k = ns+2 obtain an, 431 = Tr—1—(Tn, +1+Tn, 42— Tny ) —Zngsy) =
Tk—1 — Tnp+1 — Tnp42 + Ty + Znepy

Substitute k = ns41 to equality agpn,+3 + @y, 430(k) = Tk, and obtain
an,+3ns+1 = Tngpr = Angpine+3 = Tngyr — (InT+1 + Tno42 = Tng—1 —
Zngir—1) = Tngeq + Tng1—1 — Tnpt1 — Tpot2 + Znyy—1- Whence obtain

wns+1 + xns+171 — Tnp+1 — Tn,42 + Zns«l»l*l; lf k =N + 17
Op,.4+3.k =Y Th—1 — Tn,.+1 — Tn,42 + Tngyq + Znsq1s if k = ng + 27
Tpo1+ Th—2 — Tp,1 — Tnpt2 + 252, if ng +3 <k <ngya,

which gives induction base for (1.11).
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Assume that relations (1.10) and (1.11) are valid for some 3 < m <
l» — 1, and proof, that in this case they will be valid for m + 1 also.

Consider equality ay,, 4.k + k. n,+m+1 = Tnptm, Whence ag g, 4+mi1 =
Tnptm — Op,tmk, that is

m—1 m—2
Ak n.4+m+1 = Tn.+m — | Znsp1—m+2 — 5 Tny+i + E Tngyq—i
=1 =0

if Kk =ns+ 1; For the case k = ns +1, 2 <[ < m — 1 the formula for
Ak ne+m+1 will be Ak n,.+m+1 =

m—[—1

m—1 -1
= Tn,4+m — | Znopr—m+i+1 — E Tpp+i + E Tp—i + E Tngp1—i |
i=1 =1 =0

and if ng +m < k <ngyq, then

m—1 m—1
Ok ny4+m+1 = Tn4+m — | Fk—m+1 — E Tp,+i T g LT—i |
=1 =1

which is necessary.

Consider equality ak n, +m+1+n, £ms1,0(k) = Tk, Whence for k # ngiq
obtain an, ym41,k+1 = Tk — Qe +m+1-

Substitute £ = ns + 1 to the last equality and obtain

m
An,.+m+1ns+2 = Tng+1l — Ang+ln.4+m+1 = Tng+1l — E Tnpti—
=1
-2 m
- Tngy1—i = Zngp1—m+2 | = Zngp1—m-+2 + Tng41 — E Tp,+it

=0 i=1
m—2
+ E Tngq—iy that s Tn,4mi1p = Zn 0 —(mt1)43 T Tp—1—
7=
(m+1)—1 (m+1)—3
— g Tny4i + E Ty, —i for p=ng + 2, which is necessary.
i=1 i=0

Substitute k = ns +1, 2 <1 <m —1 to equality apn, 4m+1k+1 = Tk —

m
Ak ny,+m+1s and obtain Anptm+1,k+1 = Tk — <_Zns+1m+l+1 + Z Tyypti—
=1

-1 m—1—1 m l
=D Th—i— D Tnga—i | = Zngp—mAltl — D Tneti T ) Thyl—i
=1 =0 =1 =1
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m—I[—1
Y Tngi—i» that is ap, fmi1p =
=0

(m+1)— m—Il—1

Zngi1—(m+1)+14+2 — § xn7+z+ § Tp—i + § Tngiq—i

for p =ns+1, 3 <1< (m+1)—1, which is necessary. Substitute
ns +m < k < ngy1 — 1 to an equality ag pn,+m+1 + Uy tmt1,0(k) = Tk
whence, according to assumption of induction, obtain an, 1m+1k+1 =

m—1

=Tk — ag nep+m+1 — =T — § Tnp+i 7= Rk—m~+1 — § Th—i -
=1 =1

m m—1
= Zk—m+1 — § Tppti T E Th—i,
i=1 i=0
that is

(m+1)—1 (m+1)—1
Anr+m+1,p = Zp—(m+1)+2 — E Tn,ti + E Lp—i

for ng + (m + 1) < p < ngy1, which is necessary.
Substitute k = ns11 to an equality an, ymi1,0(k) = Tk — Uy +mt1;

and obtain an, +m+1m,4+1 = Tnyy — Angyymetmtl = Tngyy

m
E Tny+i — Bngp1—m+1 — E Tnep1—i | = Bngii—(m+1)4+2—
i=1 ‘
(m+1)—1 (m41)—2
E Tppti + E Tn,,1—i, Wwhich is necessary to prove. [l
i=1 i=0

2. Count relations are corollaries of Gorenstein relations

Definition 3. Untrivial relation between parameters is called count re-
lation, if it is provided by Gorenstein relations.

Proposition 2. Relations (2.12)-(2.18) are count relations.
If ny = 2, then for every s, 1 < s < q— 1, equalities

Tp—1 + T = X2, ans +2<k< Ng+1, (2 12)
Tpgy T X =22, ifk=ns+1 ’
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take place.
For every m, 1 < m < nj — 1, equalities
Im+1 = Tnqg—m~+1 (213)

take place.
If n1 > 2, then for arbitrary s, 1 < s < q— 1, equalities

ny—2 ni
xns“l’l + Z xns«l»l*i = Z xi? (214)
=0 =2
Tns+p = Tngp1—n1+ps Zf l<p<m (2'15)
Tng+p = Tng+p—n1s ifn1 <p<ls

take place.
For everyr, 1 <r<gq—1, andm, 2 <m <, —1, equalities (2.16)-
(2.18)

Zn7'+277" = mnr"‘l? (216)
m m—2
g Tnpti — E Trpy1—i = Prnpgr—-m+2,r T Znetm+1r; (217)
=1 =0
( Ns41 Nr41
Zngtl = Py —(lo—1) = > zi— > zi=fo
i=ns+1—(lr—1) i=n,y+1
Anstptl T Fngpr—letptl =
p—1 lr—p—1 Nr+1
- Z L(ns+p)—i =+ Z Tngpr—i — Z Ty =: fp (2 18)
=0 =0 t=nr+1 .
fOT’ 1 S p S lr -1
Ir—1 Nr41
fng+p+l ~ Fng4p—(l,—1) = > Tns+p—i — Y. T= fp
1=0 i=n,+1
fO?"lT Spéls_l

take place.

The proof of this proposition is broken to some natural parts which
we will formulate as lemmas. For convenience of further calculations we
will write zj, instead of zj ., if it well be obvious r, 0 < r < ¢, which is
under consideration.

Lemma 4. If ny = 2, then relation (2.12) takes place for every s, 1 <
s<qg—1.

Proof. Assume that n; = 2 and consider the equality ag + a1 = a21.
For ng + 2 < k < ngy1, according to (1.3) obtain zx_1 + xp = x9,
which coincides with the first line of (2.12).
According to (1.3) for k = ng + 1 we obtain x,,_, + z,, = 22, which
coincides with second line of (2.12). O
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Lemma 5. The equality (2.13) takes place for everym, 1 <m <mnj—1.

Proof. We will prove this lemma by induction for m.

Consider equality ag2 + ag 5(x) = @k for k = n1, and obtain an, 2 +
a1 = Tp,. According to definition and according to (0.2) we have a,, 2 =
0 and ag; = x2, whence z =z, that is (2.13) for m = 1 and gives the
induction base.

Let for some m, 1 < m < nj; — 1, the equality (2.13) takes place for
every i < m. Show, that in this case it well take place for ¢ = m also.

Substitute k& = n; into equality akm+1 + Gpy10k) = ko(k), and
obtain an, m+41 + Tm+1 = Tn,. TO express an,; m+1 we use (1.4) sub-
stituting respectively n; and m + 1 instead of k& and m, whence using

m m—1
the third line of (1.4) we obtain <Z Ti— >, xn1i> + Tyl = Ty,
i=2 i=1

m+1 m—1

that is > x; = > @p,—, whence, using induction base obtain that
i=2 i=0

Tm+1 = Tn;—m—+1, which is necessary. ]

Lemma 6. If ny > 2, then for arbitrary s, 1 < s < q — 1 the equal-
ity (2.14) takes place.

Proof. For arbitrary s, 1 < s < g—1 consider equality an, n,+1+an,+1,1 =
an,,1- Then according to (1.5) for m := ny and k = ny+1 (for calculating

Any ms+1, according to the first line of this relation), and notation, obtain
ny—2 ni—1

Y Tpgyi—i— D, i+ Tp.41 = Tp,, that is
=0 =2

ny—2 ni
E wns+1—i + Tng+1 = L,
i=0 =2

which is (2.14). O

Lemma 7. For every ny < p < lg the equalities, which are second line
of (2.15), are corollaries of element relations and Gorenstein ones.

Proof. Fix arbitrary value of p, n1 < p < [s, and consider equality
Qn,y k + a1 = ap, 1 for k= ng +p—1 and k = ns + p, whence obtain

ni—1 ni ni ny ni—1
Pt = S5 that is iy s = S and 'S iy =
i=0 i=2 i=1 =2 i=0

1
> x;, whence, subtracting the last equality from previous one, obtain
i=2

Tns+p = Tns+p—nis

that proves lemma. ]
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Lemma 8. For every 2 < s < qg—1 and p, 1 < p < ny the equalities,
defined by the first line of (2.15) are corollaries of Gorenstein relations
and element relations.

Proof. We prove this lemma by induction for p.
According to (0.2,1.5), for k = ng+p, 1 < p < ny equality an; n,+p+

p—1 ni—p—1 ni—1
An,+p,1 = Gn,,1 mMay be changed to Zl Th_; + ;} T Lif— 22 T +
1= 1= 1=
Tng+p = Tn,, Whence
ny—p—1

Zx”f"p it Z Tngpr— Z—Zl'z (2.19)

Consider equality apn, n,+1 + @n,+1,1 = an,,1, Whence, according to (1.5),
ny—2 ni—1

obtain ( Yo Tpgp—i— D :UZ> + Tp, 41 = Tpn, whence (2.19) is valid for
i=0 i=2

every p, 1 < p < nj.

n1—3

Using (2.19) for p = 2 obtain 2y 41 + Zn.+2 + z Tpgyi—i = Z ;.
Subtracting from it equality for p = 1, obtain

Tng+2 = Tpgy1—(n1—2)»

and so, the induction base, that is the first line of (2.15) for p = 2 is
proved.

Consider arbitrary arbitrary p, from the interval [3,nq —1]. Substitute
k=ns+p—1and k = ns + p into equality an, ; + ar1 = an,,1, and
using (1.5) for m = ny obtain

(r—1)-1 n1—(p—1)—1 n1—1
E Tng+p—1—i T E Tngi1—i — E Ti | + Tng+p—1 = Tnq,
i=1 i=0 i=2
that is
p—1 n1—(p—1)-1 ny
g Tngtp—1—i T E Tngp1—i = E Z;
i=1 i=0 i=2
and

ni—p—1

wa i+ 2 I z—qu

whence, subtracting the last equality from previous one, obtain z, 4, =

Tp,.1—(ni1—p)> Which proves the validity of lemma for 3 <p <mnj; — 1.
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For k = ns + ni, equality an, r + a1 = an,,1 according to (1.5)
ny—1 ny—1
one may change to the form Z Tnatni—i — 9. Ti + Tnetny = Tnyg,
=1 =2
ni—1

that is Z Tngtny—i = Z x;. Subtracting this equality from (2.19) for

p=ni— 1 obtain (2. 15) for P =ni.
Let’s return to equality an, ; + ar1 = n,. According to (1.5), it
ni—1 ni—1
may be rewritten in the form ( > Tp—i— Y, xz> + xp = Tp,, that
i=1 i=2
ni—1

is Z Th—i Z x;. From the second line of equality (2.15) (which

is proved in prev1ous lemma) obtain, that for arbitrary s, 2 < s <
g — 1 equalities Tp,+1 = Tn,4ni+1, Tng+2 = Tn,+n;+2 and so on up to

Tp,, 1 —n, = Tn,,, take place, so sequence {xy 41,...,Zn,,,} is periodic
ni—1

with period nj. It means that > xj_; is sum of n; elements of this
i=0

sequence, which are equal to it’s last elements, whence obtain equality
nyp—1 n1
> xk—; = Y. x;, which according to (2.14) one may change to the
i=0 i=2

ni—1 ny—2
form Z Tpgii—i = D, Tngpr—i + Tng41, Whence Tp —ni41 = Tn,41,
=0 =0
Wthh is (2.15) for p = 1, and finishes the proof of equalities (2.15) in
general. n

Substitute k = n, + 1 into equality akn,+1 + @n, 11,0(k) = Tk, and
obtain z,, yo = %y, +1, which is (2.16).

Lemma 9. For every 2 < m <, — 1 equalities (2.17) are corollaries of
element relations and Gorenstein ones.

Proof. Proof by induction for m.

Substitute k = n,4y into equality ak n,+2+0an, 42,0(k) = T and obtain
Anysyp+2 + Q42,041 = Tn,,,, Whence, according to (1.8), and (1.9),
obtain (2,41 — 2n,.1) + (Tn,42 — Zn,+3) = Tn,,,, that is

znrJrl + Znp+3 = Tnp+1 + Tn,+2 — xnr+1>
which is the equality (2.17) for m = 2 and so induction base is proved.

For every m, 3 < m < [, — 1, substitute ¥ = n,4; into equal-

Ity agp,+m + Gpptmok) = Tk, and obtain an, y n.+m + Gnptmmn,+1 =
Tn,+1, whence, according to (1.7) and (1.10) obtain

m—1

m
(E xnr“l‘i - E x”r+1_i - an+l_m+1> +($nr+m+1 - an+m+2) = xnr+l7
=1

=1
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whence

m
§ Tnpti — § Tnpp1—i = Znppr—m+2 T Znotm41,

and lemma is proved. O

Lemma 10. For arbitrary p, 1 < p <1, —1, equalities, which are second
line of (2.18) are corollaries of element relations and Gorenstein ones.

Proof. Consider equality a,, ., x + Grn,.+1 = Onyiqnet1 = Tp,yy for k=
ns+p, p>0.

For p = 1 obtain a,,,, x, using (1.11) for k = n, + 1 and m = [,.
More over, according to (1.6), ag n,+1 = Tx—2k+1, k 7# ns, whence obtain

lr— lr—2
<_ Z :L‘TL»,«+’L' + Z xns«kl*i + zns+1_l'r'+2> +($ns+1_zns+2) = xnr+l7 tha’t

N =1 i=0

1S
lr—2 Np41
§ Tnei1—i T Znep1—lo42 T Tng+1l — Zng42 = E T
i=0 i=n1+1

For 2 < p <[, — 1 obtain a,,_, x using (1.11), for & = n, + [, substi-
tuting [ = p; m =, whence

lr—1 lr—p—1

E Tn,4i + § Tngt+p—i T E Tngp1—i T Zngp—lo4p+l

+ (xns-i—p - Zns+p+1) = Zn,,,, that is

p—1 lr—p—1 Nr+4+1
§ Tng+p—i T § Tngpr—i T Zngpr—lotp+l — Zng+pt+l = E x;. O
i=0 i=0 i=n,+1

For p = ngy1 — ng the formula (1.6) gives apn | n,+1 = Tngy — Zng+1
whence obtain

lr—l MNr41
E : xns+1_7f + Zn§+1_lr+1 ZTL9+1 - § xl?
i=n,+1

which gives the first line of (2.18).

Lemma 11. For every p, I, < p < ls—1 equalities, which are second line
of (2.18) are corollaries of element relations and Gorenstein relations.

Proof. Consider equality an, .,k + Gkn,+1 = Gnpyyne+1- Let b =ng +p.
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For [, — 1 < p < Il from the formula (1.11) for k, ns+m < k <
Ir—1 lr—1

Net1, and m = Ny — Ny obtain a,, k= — D Tn,4i + D Tp—i +
=1 =1

+ 2k—1,+1, and as ng + k < ngq1, then ag pn, 41 = T — 2p41. Thus obtain

lr—1 I,—1
(_ Z Tn, i + Z Tngtp—i + Zns+plT+1) + (Tngtp — Zns—l—p—i-l) = Tnpgqs

7,.:1 i=1
that is
lr—1 N1
§ Tngt+p—i T Zng4p—lo+1 — Zngtptl = § Lis
which is necessary. O

3. Gorenstein relations are corollaries of element relations
and count ones

For an arbitrary ¢, 1 <14 <n the equality a;x + ag o(;) = aj () for k=1
is valid. Later for every i we will consider equalities a; ;. + ay 5(;) = @ 5(s)
and ag; + @ 5(k) = Ak (k) for k > ¢, which coincides with the whole set
of Gorenstein relations.

Lemma 12. Equalities a; i + g o5y = Qio(i) and Qi + Qi o(k) = Q,o(k)
for 0 <i < mnyg and i < k < ny are corollaries of element relations and
count ones.

Proof. For i = 1 Consider equalities ay; + a; (k) = Ak o). As the first
line of matrix is zero, these equalities go to a1 = ay, o () Which is corollary
of (0.1).

For i = 2 consider equalities ak; + a; o(1) = g (1), Which are equiv-
alent to equalities a2 + ago(r) = Gk o(k), Which take place in order
to (0.1), (0.2) and denotations.

For 3 < m < ny consider equality akm + G o(k) = Ok,o(k), Which is
Ay + @ o) = Tk If k& < n1, then according to (1.3) and (1.4) this

m—1 m—2 m—1 m—1
equality is equivalent to ( Sxi— Y. l’k_i>+< 3 Tpr1—i— D, Ti > =
Tk, which is identity. = = = =

For i = 1 consider equalities a;  + ag o (i) = @;,4(;)- they take place in
order to (0.2) and because the first line of matrix is zero.

For i = 2 consider equalities a; x + a o(;) = @ o(;)-

Consider case, when n; > 2. In this case ¢(2) = 3, and for finding
out the formula for ay ,(;) one may use (1.4), whence ag3 = 2 — 1,
and according to (1.3) we obtain as j, = x}_1, whence these equalities are
valid.
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For n1 = 2 one obtain equalities as j, +ax,1 = az,1. According to (1.3)
for k # ng + 1 they are x,_,, + &5, = 22, which coincides with (2.12)

For 3 < m < ny the equality an i + ro(m) = Gmo(m) according
0 (0.1) is equivalent to an, k + Akmt1 = Trm-

As k < nq, then according to (1.4) and (1.5) it is equivalent to identity

m—1 m—1 (m+1)—1 (m+1)—2
(S Sa) (S n T e

For k = ny consider equality ag2 + ag,(k) = Ap,ok), that is an, 2 +
a2,1 = Tp,, whence according to denotations x2 = x,,, and it is corollary
of (2.13).

For k = ny and m, 3 <m < ny —1 consider equality ag ,n + ap ox) =
k.o (k) for m, 3 < m < nq, that is an, m + Tm = Tn,. And according

m— m—2
to (1.4) one may rewrite it in the form ( S — Y. ZL’an’) +Ty = Tp,,
: a
m m—2 Z1
that is > z; = > xp,—4, which is the same as Z (145 — Tpy—it1) =0,
1=2 1=0 =1
which is corollary of (2.13). O

Lemma 13. For every i, 1 < i < nj ands, 1 < s < q—1 equalities
ik + ko (i) = Qi o(i) ANd ki + QG o(k) = k. o(k) for k, ns <k <nsy1 are
corollaries of element relations and count ones.

Proof. For @ = 1 consider equalities a;x + ap o) = i) and ag; +
Ui (k) = Qko(k)- Lhey are equivalent to equalities ay  + ak2 = a12 and
ag,1 + a1 o(k) = Ako(k)- The former of these equalities are valid in order
0 (0.2) and because the first line of matrix is zero. Last is valid in order
to definitions, (0.1), and because the first line of matrix is zero.

Let ny > 2. Then o(2) = 3. For i = 2 consider equalities a;j +
Ako(i) = Gio(i) and ag; + a; k) = agok)- They are equal to equalities
agk + ax3 = agz and agp + Ao o(k) = A o(k)- According to (1.4), one

T2 — Tngy, Hk=ns+1

obtain aj 3 = { o — apns ik Ang 41

- { Tng,, fk=ns+1
Tr 1, fk#£ng+1"

Second equality takes place in order to (0.1), (0.2) and denotations.

In the case ny = 2, equality a; x+ay o(;) = a; (;) for i = 2 is equivalent
to agk + ar,1 = @2 one. From (1.3) and denotations, for k = ns + 1 we
obtain x,_, , +x, = x2 , which is corollary of (2.12). If n,+2 < k < ngp1,
then the former equality is equivalent to xx_1+x = 2, which is corollary
of (2.12).

and according to (1.3)

whence the first equality takes place.
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For every m, 3 < m < n; — 1 equality ap i + k.o (m) = Qm,o(m)
according to (0.1) is equivalent to a,  + @k m+1 = Tm one. Fix arbitrary
0 < s < gq—1. For using (1.4) and (1.5) consider some different cases for
k.

For k = ns + 1 obtain the identity

m—2 m—1 m m—2
E Tngp1—i — g T | + g Ti— g Tngpi—i | = Tme-
1=0 =2 =2 1=0

For k =ns+1, 2 <1 <m—1 equality ap, ; + akm+1 = Tm is equivalent

-1 m—Il—1 m—1 m -1
DoTh—i t D Tpgg—i— YL T F | W~ Y Wi
i=1 i=0 i=2 =2 i=1
m—1—1
— Y Zp,.,—i | = Ty one, which is identity.

For k, ns+m < k < ngy1 equality @y, +ak ms1 = T, is equivalent to

m—1 m—1 m m—1
< Yo T — Y :UZ> + <Z Ti— Y Ty ) =z, one, which is identity
i=1 i=2 i=2 i=1
also.
For m = ny the equality am i + g o(m) = @m,o(m) according to (0.1)
is equivalent to an,  + zx = x,,. Consider cases.
Let k = ns + 1. Then according to (1.5) this equality is equivalent to

ny—2 ny—1 ny—2
Y Tngi—i — D T | +FTpg41 = Ty, one, thatis Y @, —i+Tn, 41 =
i=0 =2 =0

ny
> z;, and coincides with (2.14).
i=2
For k = ng+1 and arbitrary I, 2 <1 < n;—1 the equality a,, 1 +x, =
-1 ni—l-1 ni1—1
Ty, is equivalent to (Z Tpgtl—i+ D, Tng—i— D xz) + T =
i=0 i=2
ni—l-1 ni l
Tn,, that is Z Tpgrit D, Tpyi—i = Z x;, whence T 41+ Y Tp,4+i+
Y — ~
ny—2 ny—2 = '
Yo Tpgp—i— D, Tng—i = Z x;. Subtracting (2.14) from this equal-

=0 i=nq—I =2

l ny—2
ity one may obtain equivalent equality > =y, 4i— >, 2., = 0, that
i=2 i=n1—1

l l l

is Z Tns+i = Z Lnspr—ni+i = 0, whence Z (mneri - xns+1*n1+i) = 0,
1=2 = U =2

which is corollary of (2.15).
For ng+ny < k < neq1 the equality ap, p+25 = o, according to (1.5)

n;—1 ni—1 ni—1
is equivalent to | > xp_; — >, = | + Tk = x,, one, thatis Y xp_; =
i=1 =2 =0

n
> x;. From the second line of equality (2.15) it follows that equalities
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Tng+1l = Tngtni+1, Tnet2 = Tngtny+2 and so on up to Tngy1—n1 = Tngyq
take place, whence the sequence is periodic with period ni. It means that
ni—1
> xk_;—1 is the sum of n; elements of this sequence, and this sum equals
=0
ni—1 ni—1

the sum of ny last elements, whence the equality > zp—; = > z144
t -
ni—1 ’ ny—2
according to (2.14) one may transform to Y xp ., ,—i = > Tn,,—i +

i=0 =
Tp,4+1, Whence &y ., _n,+1 = Tn,41, which is (2.15) for p = 1. Now for
every m, 3 < m <nj — 1 consider equality akm + @p ok) = Ao(k)-

m—1 m—3
For k = ns+1, using (1.4) and (1.5) one obtains ( DoTi— Y Tngq—i )—l—
i=2 =0

2—-1 m—2—1 m—1
+ <Z Thtl)—i T D Tngp—i — Do T > = Zp,+1, which is identity.
i=1 i=0 =2

For k = ns 4+ 1, and every I, 2 < | < m — 1 according to (1.4)
and (1.5), the equality a,, + @mit+1 = akr+1 may be transformed to

m—1 -1 m—I[—2 m—I[—2
( DT — Yy Th—i— D, Tpgii—i ) (Z Tht1—i + Z Tpyoy—i—
=2 =1 =0 j

=1

m—1
- > :L'Z> = Zp,+1 one, which is identity.

For ng +m < k < ngy1 equality apm + Gmi+1 = ak k41 may be

m—1 m—2 m—1 m—1
transformed to < dxi— Y, xk_i> + (Z Thyli— D gjl) = x5
i=2 i=1 i=1 i=2
one, which is identity.

Consider equality ay ,, + Unyo(k) = Thy Ns +1 < k< nggr.

For k = ns + 1 obtain ap 41,0, + anyn.42 = Tn,4+1 and using (1.4)
and (1.5), this is equivalent to

ny—1 ny—3 ny1—3 ny—1
( . Ti— Y, xns+1_i> (Z Tng42—i + Z Tngi1—i — > x%) =
=0 i=1 % =2
Tnat1s Wthh is identity.
ny—1
For k =ns+p, 1 <p<ng —1onemay obtain an,4pn, = Y, i —
=2
ni—p—2
Y Tngtp—i— ) Tpgir—is a0 Any nopt1 = Z Tngt+p—it1 +
= =0 =1
ny—p—2 ny—1
+ Y Tp,,-i— » x;from the relations (1.4) and (1.5). Substituting
i=0 i=2
these values to the equality an,+pn, + @i ngtp+1 = Tny4p, Obtain equiv-

ni—1 p—1 n1—p—2
alent equality ( DoTi— > Tpqpi— . xns+1i) +
i=1 i=0
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p ni—p—2 np—1
T qp—it1 + Tpgi1—i — », i | = Tp,4p, Which is identity
i=1 i=0 i=2
also.

ni—1 ny—2

For k = ns + p, n1 < p one may obtain ( Yooxi— Y, l’ns+pi) +
i=2 i=1

ni—1 ni—1
+ < > Tng+p+l—i — > $z> = Ty, 4p, Which is identity, in order to the
i=1 i=2

equality ayn, + @y, o(k) = Tr according to (1.4) and (1.5). O

Lemma 14. For arbitrary v, 0 < r < q — 1, equalities @y, 4ym i +

k.o (nr+m) = An.4+m,o(ny-+m) and Qk,np+m + Apptm,o(k) = Ak,o(k) for
m, 1<m<l andk, n, +1 <k <nppq
are corollaries of element relations and count ones.

Proof. Consider equality ap,+1x + @k pn,+2 = Zn,+1. Using denotations
and (1.8) one may obtain, that it is equivalent to zx+(n, +1—2%) = Tn,+1,
which is identity.

Consider equality an, 12k + A o(n,+2) = Tn,+2-

If I, > 2, then using (1.9) and (1.10) one may obtain that it is equiv-
alent to (zp—1 — Tp, 41 + 2k—1) + (@, 41 + Tnpg2 — Th1 — 2k—1) = Tn, 12,
which is identity.

If [, = 2, then equality an,+2k + Ak o(n,+2) = Tn,+2 1S equivalent to
Qn, 42k + Qkpp41 = Tppg2. As np. +1 < k < npqq then according to
conditions of the lemma this equivalence is possible to consider only in
the case when k = n,y1 = n, + 1, but in this case it is trivial.

For arbitrary m, 3 < m <[, — 1 consider equality

A, mk + Ok o(n.+m) = Tn.+m-
As n, +m < k < n,41, this equality is ap, +m k + @k ny+m+1 = Tno+m

m—1 m—1
and according to (1.10) and (1.11) is equivalent to < > Tt + D Th—it
=1 =1
m m—1 ' ' ) )
+2k—my1 ) + <Z Tppti — O Thei — Zk—m+1 > = Zp,+m one, which is
i=1 i=1

identity.

Consider equality akn,+1 + @n,+1,0(k) = Tk for k # n,41. Using (1.6
and denotations one may obtain that it is equivalent to x —zg 11+ 251) =
Tk, which is identity.

Consider equality akn,+2 + @, 42.0(k) = Tk for k # n,41. Using (1.8)
and (1.9) one may obtain that it is equivalent to (xy,4+1 — 2k) + (2 —
Tn,+1 + 2i) = Tk one, which is identity.

For arbitrary m, 3 < m <, consider equality ax n,+m+@n,+m,ok) =
ko (k) fOr N +m <k < n,11. According to (1.11) and (1.10) it is equiva-
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m—2 m—1 m—1
lent to ( Z Tnp+i — Z Th—i — Rk— m+2) +< - Z Tnp+i T Z Tht1—iT
i=1 i=1 i=1

+2k_ma2) = T} one, which is identity.

For k = n;41 consider equalities ag n,+m + Gn,4m.o(k) = Oko(k), that
IS G, ptm + Onptmn,+1 = T,y for 1 <m <.

For m =1 one obtains an, ; n,+1 + @n,+1,n,+1 = Anpyq,n,+1, Which is
valid.

For m = 2 the equality an,, n,+m + Gnptmn,+1 = Ty, 18
Qnyiynet+2 + Gnpg2,n,+1 = Tp,,, and according to (1.6) and (1.8) it is
equivalent to (Zn, 41— 2n, 1)+ (@n,+2 — 2n,+3) = Tp,,, one, which follows
from (2.17) for m = 2.

For 3 < m < I, — 1 consider equality an, ., n,4m + Gntmmn,.+1 =
Tp,.,, and, according to (1.10) and (1.6) this equality is equivalent to

m—1
Z xnr"l‘i_
=1
- Z Lnpyr1—i — an+1—m+2> + (Tn,4m = Znp4m+1) = Tn,,,, Whence

E Tppti — Z Tnyi1—i = Znyiq—m+2+ Zn,+m+1, which follows from (2.17)

for 3<m < l — 1. For m = I, equality an, 1n, 1 + Onpyynptl = Tnpyy
is corollary of (1.7). O

Lemma 15. For an arbitrary r, 0 < r < q — 1, equalities apn, 4m +
Ak.o(nr+m) = Anpdm,o(ne-+m) and Ak, +m + Anptm,o(k) = Ck,o(k) for every
s, r<s<qg;,m, 1<m<I, and k, ns+1 < k < ngqq are corollaries of
element relations and count ones.

Consider equality ay, +1,k+0k n,+2 = Tn,+1. According to denotations
and (1.8) it is equivalent to zp + (Tpn, 41 — 2k) = Zn,+1, Which is identity.

Consider equality ayn,+1 + @n,+1,0(k) = Tk According to (1.6) and
Tp — Zng41, i k=mngp

denotations it is equivalent to .
4 T — 2pe1s it k # 0

+ Zo(k) = Tk,

which is identity.
Consider equality ap, 2k + A o(n,4+2) = Tn,+2-
If [, > 2, then o(n, + 2) = n, + 3, and according to (1.9) and (1.10)
Trgpr — Tnp+1 + 2ngyy, i k=mng+1
Tpo1 — Tp,q1 + 2p—1, ifkFng+1
{ Tppt1l + Tppt2 — Tngyy — Znggq, i k=mns+ 1.
Tpo41 + Tnpg2 — Tho1 — 2p—1, itk #Fng+1
identity.
If I, = 2, then equality an, 2% + Gk g(n,+2) = Tn,+2 1S equivalent to
An, 42k + Q41 = Tn,42. Let ngi1 —ng > 2. Then according to (1.6)

it is equivalent to

= Zp,+2, Which is
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and (1.9) for k = ngy; it is the same as (xg — zn,+1) + (Tp—1 — Tnpy1 +
Zk—1) = Tp,42. For k = ng + 1 it is the same as (zp,.; — Tpn41 +
+ Zns+1) + (T — 2k41) = Tppyo. And for ng + 1 < k < nsi1 the equality
Qp, 42,k + Ak p,+1 = Tn,42 is equivalent to (k-1 — Tnp+1 + 25-1) + (T —
Zk+1) = Tp,+2. Note, that all of these equalities are corollaries of (2.18).

Consider equality ayn, 12 + @n,425k) = Tk- According to (1.9) it

; : Tng — Tppt+1 + 2n., fk=n
‘ lent to = me  metl T EnL) *  wh
is equivalen 42,0 (k) { Do — T 1+ 20 if k£ n, whence,
according to (1.8) it is equivalent to
Tn, — Tnoa1 + Zn,, if k=ng L
Tnp+1 — 2k) + s " s . = 1z, which is
@0+ 2 { T(ky1)—1 — Tno41 + 25, ALk # ng F

identity.

For arbitrary 3 < m < [, consider equality akn,+m + G, 4mok) =
a0 (k)- Consider cases for k.

For k = ns + 1 according to (0.1) it 1S an,+1n,+m + Gnptmmn.42 =

m—1
Tn,+1, Whence, according to (1.10) and (1.11) it is equivalent to ( > Tpti —
i=1

m—3 m—1 2—1

- Z Tngy1—i = Zngpr—-m43 | T | — Z Tppti + Z ‘r(ns+2)7i+
=0 i=1 i=1

m—2—1
Tngi1—i T Zngy1—m+2+1 | = Tn,y1, which is identity.

0

7=

For k = ns+1, and [, 2 <1 < m—1, according to (1.10) and (1.11) the

m—1
equality Gy, 4+1n,+m+0n,+mmng+i+1 = Tn, 41 1s equivalent to < S Tpti —
i=1
m—[—2 -1 l m—1
= > Tngp—i — D Th—i = Zngpi—m42 | H 20 Tkt1)—i — 2 Tnoit
=0 =1 =1 =1
m—Il—2
Y Tngi1—i F Zng—m4l42 | = Tn,41, Which is identity.
i=0
For every [, ng+m <1 < ngpq —1 equality ag pn,+m + anptm k41 = Tk
according to (1.10) and (1.11) is equivalent to
m—1 m—2 m—1 m—1
D Tppti = X Th—i — Zk—mt2 | T | = D Tneti T D Tyt
i=1 i=1 i=1 i=1
+2k—m+2) = Tk, which is identity.

Consider equality an, +m k+ak o(n,+m) = Tn,+m for m = [, and obtain
anr+1,k + ak,nr—f—l = :L‘nr+1 .
For k = ng+1 obtain an, ; n,+1+0n,4+1,n,+1 = Tn,,,, Whence, accord-
l—1 lp—2
ing to (1.11) and (1.6), it is equivalent to (— Yo Tpyi+ Y Tpg—it
i=1 i=0
lr—2
Zns+1—lr+2) +(Qj‘ns+1 - Zns+2) = 'Inr+1’ whence Z xns+1*i+zns+1_lr+2+
i=0
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Tngtl — Znet2 = i X, +; which is (2.18) for p = 1.

i=1
For k = ns+landl, 2 <[ <I[.—1, the equivalence ay,_, k+0kn, +1 =
lr—1 -1 lr—Il—1
Tp,,, is equivalent to | — > Tp. i + D2 Tp—i+ D, Tny it
i=1 =1 1=0
-1
+Zns+1_lr+l+1) + (Scns‘f'l - Zns+l+1) = ‘/'Unr-&-l? Whence Z xns+l_1+
i=0
lr—l—1 L Nyl
+ Z xns+1 —1 + Zns+1 lp+1+1 — zns+l+1 - Z xnr‘f'z = Z xi? Wthh
1=1 i=np+1

(218)for2<p<l — 1.

For k =ns+landl, I, <1 <ls—1, the equivalence ap, | k+0kn,+1 =
Ir—1
Tp,,, according to (1.11) and (1.6) is equivalent to (— > Tpyit
i=1
l.—1
+ Z xn5+l_i + zns+l_lr+l> + (':Uns"!‘l - zns+l+1) = wnr+17 Whence
i=1

lr—1 Nr41

> Tpati—i + Znati—l,+1 — Zneti+l = »_ Ty which is (2.18) for [, <
=0 i=n,+1

p<ls—1.

For k = nsy1 the equality ay, | k 40k n,+1 = Zn, ., according to (1.11)

l—1 I—1
and (1.6) is equivalent to <— Y Tpgit D Tng—it+ Zn5+1—lr+1> +
i=1

i=1
l—1
+ (xns+1 - zns+1) = xn7'+1’ Whence E '/’Uns#»l*i + Zns+1_lr+1 - zns+1 =
i=0
Npr+1
> x4, which coincides with the first line of (2.18).
1=n,+1

4. Lemma about permutation

Let’s prove lemma for counting the number of cycles the permutation,
whose bottom line of standard representation is (I + 1,...,n,1,...,1) is
decomposed to. This lemma will be used for counting the dimension of
Kirichenko space.

Lemma 16. The permutation

_ 1 n—I[{ n—1+1 n
T=\141 n 1 !

is decomposed to (n,l) cycles, where (n,l) is greatest common divisor of
numbers n and . In this case each cycle consists of numbers which give
the same remainder in division by (n,l).
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Proof. Remark, that if n is divisible by [, then lemma is obvious. Let n
be indivisible by I.

Denote by &(m) = &(n, ) the quantity of cycles in the decomposition of
the permutation of the type, specified above. Remark, that this quantity
is equal to one for permutation

T =\ n-1+1 n 1 n—1)"

whence obtain relation &(n,l) = &(n,n —1).

Consider the cases n > 2l and n < 2. Let n > 2.

For n > 3l we will show that &(n,l) = £(n — [,1) which will give us a
reason to reduce this case to 2l < n < 3l one. Write out the permutation
7, decomposing it into blocks, as

o I+1 2 2041 n-—l
[+1 21 20+1 3l 3l+1 n

n—I01+1 on
1 l ’

Pay attention to that cycles of m which contain elements of the first
block, which is interval [1,[]. Consider some element z; € [1,[] of some
cyclic trajectory, and it’s obvious that for the previous element z;_1 of
this trajectory we have enclosure z;_1 € [n — [+ 1,n], which means, that
xi—1 belongs to the last block of 7. It is also obvious that for the next el-
ement of trajectory x;+1 we have inclosure ;11 € [+ 1, 2{] which means,
that is belongs to the second block of m. More over, as lengthes of the
first, second and the last cycles are equal to each other, then for arbitrary
element z;—1 € [n — [ + 1], which belongs to some cyclic trajectory, an
element x;41 of the same trajectory will belong to interval [l + 1, 21].

That is why the quantity of cycles, which the permutation 7 is de-
composed to, is equal to one for permutation 71, where

[+1 21 20+ 1 n—1 n—1+1 oon
20+ 1 3l 3l+1 n [+1 21 )

™ =

Reducing all numbers, which figure in the record of the permutation
71 on | we will not change the permutation itself and so we will not change
the quantity of cycles it is decomposed to, and obtain

< 1 l [+1 n — 2l n—20+1 n—1 >
T = .

I+1 20 |2041 " n-1 1 T

So, £(m) = &(me), whence &(n,l) = £(n —[,1). Repeating some times,
if necessary, these reasonings, obtain £(n,l) = {(n — pl,1), where 2l <
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n —pl < 3l. Then £(m) = &(72), where

~ 1 l [+1 ny —1 ny—1+1 ni >
Ty = ,

I+1 20| |20+1 7 0m 1 l

and ny = n — pl. Let us consider the permutation 73 = %51, and denote
k=mn1—1. As 2l < nqy < 3l, then 3k < 2nqy < 4k. So the permutation 73
looks like

. 1 ny—k n—k+1 k
T = k+1 ni 1 2k — nq
k+1 om
2k —n1 +1 k ’

Notice that number k does not belong to the first line of the first block,
i.e. k> ny —k (because 4k > 2n1), which gives possibility to decompose
the permutation w3 to three blocks, taking k as a border between second
and third block.

We may note also, that number 2n; — 3k belongs to the first block,
because 2ny — 3k < ny — k (as 2n; < 4k), and the number 2n, — 2k
belongs to third block, because k+1 < 2ny —2k+1 (as 2n; > 3k). That
is why, the permutation w3 may be represented as

. 1 2n, — 3k 2n1 — 3k +1 ny—k
Bkt oy — 2k | | 201 — 2k + 1 n
n—k+1 k k+1 2ny — 2k
1 2k—n1 2k—n1+1 nl—k:

2n1—2k+1 ny
n—k+1 k ’

that is both the first and third blocks are decomposed to two blocks.

Pay attention on elements of the forth block. Like the way we have
considered the permutation 7, it is easy to see that each cycle which
contains some element x; of the forth block contains some element x;_1
of the first block, more over, each cyclic trajectory which contains some
element of the first block contains some element of the forth block on the
next place.

Pay attention on elements of the fifth block. Each cycle, which
contains some element x; € [2n; — 2k + 1,n1], contains also z;—1 €
[2n1 — 3k + 1,n1 — k] (from the second block) and z;11 € [1,2k — 1]
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(from the third block), that is why, like in considering the permutation
7, it is possible to regard that elements of interval [2n; — 3k + 1,n1 — k]
(second block) go accordingly to elements of interval [1, 2k — nq] (third
block) which gives us possibility to state that the number of cycles, the
permutation 73 is decomposed to, is equal to one for permutation

o 1 2n1—3k‘ 2n1—3k:+1 nl—k:
= 2k —nq1+1 ny —k 1 2k —nq '

So one may see that
Enyy,ny — k) = &(ny — k, 2k —nq) = &(Lng —21) = £(l,n1 mod ) =
=¢(l,n mod l). Let n < 2[. then the permutation 7 looks like

_ 1 n—10||ln-1+1 l [+1 on
™= \l1+1 n 1 N—nl||2—n+1 1)

Reasoning like in consideration of the permutation in the case n > 31 it is
possible to state that permutation 7 is decomposed to the same quantity
of cycles as permutation 75

Ty =

1 n—1 n—1+1 l
2n—1+1 l 1 20—n ’

whence £(n, 1) = £(1,2l—n) = {(1,1—(2l—n)) = &(l,n—1) = &(I,n mod 1).

So we have obtained that for every n and [ the equality &(n,l) =
&(l,n mod 1) takes place, which is the equality used in the algorithm of
finding the greatest common divisor which, as known, may be obtained
by this step, after using it some number of times.

Show, that all the numbers which belong to the same cycle give the
same remainders in division by (n,1). Let = be an element of some cycle.
If z+1 < n, then the next element of this cycle is x 4 [, which, obviously,
gives the same remainder in dividing by [ as « does and so the same one
in dividing by (n,1).

If z +1 > n then the next element of the cycle is  + 1 — n, which also
gives the same remainder in dividing by (n,!) as  does. O

5. The dimension of Kirichenko space.

The purpose of this section is to count the defect of the matrix of count
relations which is the dimension of Kirichenko space.

Lemma 17. Consider the relation

ls U1
llzanH = lsti. (2.14&)
=1 =2
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Systems of relations (2.14; 2.15) and (2.14a; 2.15) are equivalent.

Proof. Consider the system of relations

ny—2

ni
Z Tngyq—i + Tng+1 = Ty, (2.14)
=0 1=2

(2.15)

Tngp = Tngy—(m—p) L SP <M
Tng+p = Tng+p—mq ny <p < Ngpl — N

According to the first line of the last relation, the relation (2.14) is

equivalent to
ni ni
d wni= m (2.14b)
i=1 i=2

one.

From second line of equalities (2.15) we may obtain %, 4n,+1 = Tn,+1,
Tngtni+2 = Tn,y2 and so on up to @y, , = Tpn, ,_n,, that is the set of
parameters {Zy,41,...,%n,,, } is periodic with period n;. Here consider
the periodicity in the sense, that if ¢ — j is divisible by nq, then x; = x;.
Without bounding of generality one may consider this set as consisted of
elements {Zn 11, Tnotny }-

It goes from the first line of equalities (2.15) that the last n; elements
of a set {zp,41,...,2Tn,.,} coincide with {zp 41, Tn, 12, .., Tn,gn, } COI-
respondingly.

Taking into account the fact that the set {2, 4+1,...,2n,,,}, is pe-
riodic, it is easy to see that the problem of calculating the quantity of
different parameters of the set {Zp,41,...,Zn,4n,} IS equivalent to one
of finding the quantity of different cycles, the permutation 7,

_ 1 nl—l nl—l+1 nl—l n1
= \li+1 ny 1 -1 1 )

which the first line corresponds to the last n; elements of a set

{@n,41,- - @, } (which are equal to former ones), and second line cor-
responds to the last elements of a set {zp,4+1,...,%n,,, } is decomposed
to.

According to lemma 16 (about permutation), the set of parameters
{@ns41,- - xp,, } is decomposed to (Is,11) sets of pairwise equal ones,
and indices of elements of each cycle give the same remainders in division
by (Is,11).

ni ni

Consider ones more the equality (2.14b) which is > x4 = > ;.

Taking into account facts proved above, sum of ﬁrstz n11 parametzerzs is
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times.

equal to sum of all (ls,1;) pairwise unequal ones taken

(lS7 ll)
1

I
(l37 ll)
l1

g ZTng+i 1s sum of one gang of pairwise
i=1
h L
1 L
unequaled parameters, whence g Tpoti = T E Zn,+i, which is
i=1 5 =1

So, it is obvious, that

ls l1
llzanH = ZSZJ}Z'. (2.14&)
=1 =2

Using the same steps (with revers order) one may prove that the
system of equations (2.14; 2.15) is a corollary of (2.14a; 2.15). O

Lemma 18. If n; = 2, then the system of equations

{ Tp—1+xp =22 ng+2<k<ngpq,

2.12
Tpgy +Tp =22 k=ns+1 ( )

is a partial case of relations system (2.14a; 2.15).
Proof. Write out the matrix of relation (2.12) and obtain

11 0 0 - 0z
0 1 10 - 0fa
0o -+ 0 1 1 0fa
0 0 -+ 0 1 1|
1 0 -+ -+ 0 1]

If one subtract from each line (except the first) the previous one, and
add all the lines to the last one then the matrix which determine the
system of equations it will appear. This matrix is equivalent to former
one, where (just for convenience) it is possible to add the last line of a
former matrix to penultimate place, and obtain matrix

1 o -1 0 --- O 0
0 1 o -1 --- 0 0
o --- 0 1 0 —-1| 0
-1 0 1 0 0
0o -1 0O 0 1 0
2 2 2 2 |lsze

where bold type is used for added line. It’s obvious, that this system
coincides with the system of relations (2.14a, 2.15) for n; = 2. O
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Thus, the problem of calculating the dimension of Kirichenko space
has reduced to finding the defect of matrix K whose columns correspond
to parameters {:CQ, e Ty Zng 42,15 Zng43,1 - - - Zn,1s Zng 42,25 - 20,2 e e
ey Zng_142,g—15 - - - Znq—1} and lines correspond to relations (2.13; 2.14a;
2.15-2.18) ordered in a natural way. It’s obvious, that this matrix looks
like

X o o0 - 0
X 0 Xy Z 0 .- 0
- - Xo 0 Zy - 0
K < Xz ) S
Xg-1 0 - 0 Zyg
where matrices X, X1,...,X,1,721,...Z4-1 are block matrices, matrix

X corresponds to relations (2.13), and each block (X, 0 Z, 0 ) cor-
responds to count relations (2.14a; 2.15-2.18) for every r, 1 <r < ¢ — 1.
Blocks which correspond to different values of » have similar form and
in some sense are differ only by dimension. Consider their structure in
more details.

Like in proving relations, we may fix arbitrary r, 1 <r <n — 1 and
so, for admissible k instead of zj, we will write zj.

Consider the system of relations

m m—2
anT+i - Z Tnpp1—i = Pnp+m+1 T 20, p0—m+2, 2<m<I.—1 (217)
i=1 i=0
Fix arbitrary mg, 2 < mg < I, — 1. It’s obvious that parameter
Zn,+mo+1 Will be met in the equality for m = mg and in the equality for
such m = my, that n,41 —m1 +2 =n, +mp + 1, because zy, 4m,+1 may
be met not only as first, but also as second item in relations (2.17). Let’s
find indices for z, which will appear in relations for m = mq. Sure, one
of them will be n, + mg+ 1. As n.o1 —m1 +2 = n, + mg + 1, then
mi1 = ny4+1 — Ny —mg + 1, whence the index, we need, is n, + m; +1 =
Ny41—mo~+2, which coincides with index of second element in the relation
for m = myp. It means, for any relation in (2.17), there is one more, which
has the same right side. Show, that these two relations coincide, that is
they are one relation, written out two times. This statement may be
formulated as such lemma.

Lemma 19. For everyr, 1 <r <qg—1and everym, 2<m <[, —1

denote
m m—2
f(m) = Z xnr“l‘i - Z xnr+1_i'
i=1 =0

Then f(m) = f(ny41 —nyp —m+1).



M. PLAKHOTNYK 117

Proof. Let’s prove, that f(m) — f(ny41 —n, —m+1) =0.

m m—2
fm) = f(nps1 —np —m +1) = (Z Tnp+i — Z $nr+1—i> -
i=1 i=0

Npy1—Nr—m+1 Npt1—Nr—m—1 ne+m
- g Tnpti — — E Tnpp1—i | = g Tq—

=1 =0 i=n,+1
Npg1 npp1—m+1 Nyt
— Z xT; — ( Z Xr; — Z .%'z) =0 0O
=Ny —Mm+2 i=n,+1 =n,+m+1

Thus, lines of matrix, which correspond to fixed r and relation (2.17)
looks like

X;2 0[1 0 0 0010
X;3 0[0 10 0100
X;s 0/0 01 1000
: 0 0 0 0000
Xy,-3 0[0 0 1 1000
Xp,-2 0[0 10 0100
Xp-1 Of1 0 0 0010

where by the bold font we type block-lines, and the first half of lines of
this part of K are pairwise different, but others are copies of some first
lines.

The problem of calculating the defect of this part of K is reduced
to calculating the quantity of independent parameters in the set (2.17).
This set is decomposed into independent pairs. Each such pair is relation,
which looks like sum z; + 2; equals to some expression, depends only on
the set xo, ..., zy,. It is obvious, that if n.+mg+1 # n..1+mo+2 for any
my, then one of parameters 2z, mg+1, 2n,,1+mo+2 We may consider as
independent, and the other as expressed through independent ones, and
so in this case, the relation (2.17) for m = mg gives us one independent
parameter. If for some mg we have equality n, +mo+1 = n,4+1 +mo+ 2,

then 2y, ymq+1 is expressed through parameters of the set z3,...,z, and
is dependent. That’s why the quantity of independent parameters equals
I, —2 lr—3 2

5 if . is even, and equals

general case and is equal to the defect of matrix, determined by (2.17).

Consider the part of matrix K which corresponds to the system of re-
lations (2.18), and looks like ( X,y 0 Z;y 0 ) (indices are bracketed

, if 1. is odd, which is [ZT;] in
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to make difference with denotations for blocks, which appeared in some
previous propositions) which may be written in the matrix form as

1 0 -~ 0 -1 0 - 0 Jo
0 1 0 0 -1 .- 0 fl
Z . O 0 1 0 0 tct _1 flS_lT_l
W= -1 0 -~ 0 1 0 -+ 0] fii
0 -1 -+ 0 0 1 - 0| fi141
0 0 -~ =1 0 0 - 1| fi.a

Let’s show, that by means of interchanging lines and columns, this matrix
may be reduced to block-diagonal form. The possibility of such reduc-
ing means that the set of parameters, which correspond to columns of
this matrix may by decomposed into such disjunct join, that there is no
relation, which connects parameters from different sets. Write out the
connections between parameters z, 41,..., 2,41, in the form of permu-
tation m, where equality 7(i) = j will mean that there is an equation
Zng+j — Zne+i = fj+1 in the system (2.18). From the fact that for each
i, 1,< ¢ < I, parameter z,,4; is met only two times i.e. once with
positive sign and once with negative one, we obtain that the quantity of
blocks the left part of Z(,) may be decomposed to is the quantity of cycles
the permutation 7 is decomposed to.
The first two lines of system (2.18) give that 7 will be like

e L= =2
= 1 2 e L)

And in the same time, the last line of (2.18) gives, that 7 looks like

1 e =1 -
l,+1 --- ls e ’
and in general 7 is

(1 2 o ly—l l—L+1 e
T\ h+1rL+2 1 L)

According to lemma 16 it is decomposed into composition of (I, 1) =

t cycles, and each cycle in this decomposition contains exactly w = —

- | =~

elements. Note, that all elements from each cycle in this decomposition
give the same remainders in division by £.
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Make the simultaneous interchanging of lines and columns of matrix
Z, determined by permutation 7 which looks as

1 w(1) #%(1) ... 7@~ Y1)| 2 n(2) - oTUTH2) |-
<1 2 3 w w+1l w+2 --- 2w

t R () >

ls—w+1 - ls

After this matrix Z(,) will be transformed into
0 | E

0 Zrt Frt

) )

where F,.; is column of functions J?(i—l)t+1aJ?(i—1)t+2>---f(i—l)t+un ob-
tained during transformations, and matrices Z,; are equal and look like

1 -1 0 0

0 1 -1 0
Zr; = |

0 0 1 -1

-1 0 0 1

Let’s do transformations with lines of each block of obtained matrix.
In each block of obtained matrix add all previous lines to each one except
the first line (because it has no previous), and obtain matrix

L =1 0 - 0|  faun
L0 =1 - 0 | fli—nyes1 + fi—1ye42
Zr,i = w—1 _
.0 - 0 -1 fi—1)t+
=1
0 0 0 0 21 ]?(ifl)tJrj
J:

Now, my means of addition of all columns of matrix Zm except the
first one to other columns of matrix K with necessary coeflicients we
may make zero all elements of Z,; except ones, belongs to it’s first sub
diagonal, which will stay be equal to —1.
wo -
Show that the sum ) J(i—1)t+; doesn’t depend on i. The last propo-
j=1
sition is a corollary of next lemma.
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Lemma 20. For every common divisor t of numbers [, and ls and for
(/=1 _ s [ e

every b, 1 < b <t the equalit it = — Tpyti— — T+

Y0, >~ U = q Y Z;Q fb 1+t ¢ ; ns—+i P ; Ny +1

takes place.

Proof. As functions fo, . ﬁs_l are obtained from the set of ones
{fo,-.- fi.—1} after interchanging of lines and columns of matrix, then
for every p, 0 < p <[, — 1 the equality !)‘A;, = 7"(fr(p+1)—1), Where 7" is
automorphism of the set {41, ... Zn,,, } such that 7%(xn 4i) = 5 r ()
for every i, 1 < i < ls takes place. As for every b, 1 < b < t the
set {b—1+idt, 1 < b < t} is invariant for 7, then the proposition
. - (Is/t)—1 I, ls L b
of lemma is equivalent to Z;) fo—1vit = n ;377134—1' i ;xnrﬂ',

Nr41
which we will prove. Denote g, = fr — Y. ;. It is obvious that it is
i=n,+1
(Is/t)—1
necessary and enough for proving lemma to prove that >  gy_144 =
i=0

I & neg
0 E Tn.+i, because items — > x; are met exactly once in each f,
- i=n,+1

i1
and that is why alter taking the sum of f; we will obtain that quantity of
Nr41 (ls/t)fl

s
l Ir O
appearing of — Y mx;is —. Prove, that Y. gy 144 = — ansﬂ'.
=1 t =0 L

Let us write out the matrix GG, which columns correspond to parameters
Tpg41s-- -1 Tn,,, and [ lines correspond to relations go, ... g, —1.

When k runs through the interval [0,/ — 1], then lines of matrix G
which correspond to relations gg look like

oo 0 - ---11 1 1 -+ 1 1 1
1 0 O 0 1 | | 1 1
11 o o . .1 1 1
G*™ = , Or
1 1 0 1 0 0 1 1
11 | 1 0 0o .1
1 1 1 1|1 1 0 0 1
0 00 0|1 1 1 1 11
1 0 0 0|0 1 1 1 1 1
1 1 0 0|0 0 1 1 1 1
G**: .
1 1 .-« 010 0 . 1 11
1 1 1 0 0|0 0 O 011
1 1 1 1 0(0 0 O 0 0 1
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which depends on whether 2I, > I,, or not, where the first line of G**
contains [, identities and ls — I, zeros. This matrix is decomposed in
the natural way to blocks GI and Gr, the former of which corresponds
to parameters Tp 41, .-, Tn, -1, and the last - to z,, 1,41, -, Nsp1
ones.

When k runs through interval [l,,ls — 1], then the part of matrix G,
whose lines correspond to relations g for these k looks like

01 1 - -+ 11 1 0 0 0
a—-loo 1 o .11 11 0 0

where the former [, elements of the first line are equal to identity, and
the last ones are zero.

The statement of this lemma in terms of matrix G is the following.
If we write out the lines of g with the step ¢, and arbitrary beginning
b, 1 < b <t then the sum of ones in each column will be the same and

l
will be equal to —. Note that as the quantity of lines of matrix G** is

equal to [, which is divisible by ¢, then such writing out the lines means
that we obtain a matrix Gp, which consists of writing out one above
another matrices G and G*, each of them is obtained by writing out
the lines of matrices G** and G* with the step ¢ starting from b.

Denote by Gl and Gy, those parts of matrix G3* which are obtained
during writing out the lines with step t. Let’s show that matrix Gy

will be column-block matrix, i.e. it will be consisted of such vertical

blocks with l—s lines that each of them will have the same element in

each line. We will say about such matrix, that it satisfies column-block
condition. Let’s show, that for G}* the correspond widthes of blocks will
beb—1,¢t t,...,t, t—b+1, b—1,¢ t, ..., t, t—b+ 1, and the first
blocks of matrices Gl and Gry have width b — 1.

For proving this proposition, consider matrices Gly, Gry and G} sep-
arately.

Consider matrix Gl,. The first line of this matrix have b — 1 ones and
zeros at the other places, and satisfies column-blocks condition. Each
next line of this matrix will have ¢ ones more at the beginning and t zeros
less at the end and so, satisfies the column-block condition also.

Consider matrix Gry. The first line of this matrix have b — 1 zeros
and ones at the other places, and satisfies the column-block condition.
Each next line of this matrix will have ¢ zeros more at the beginning and
t ones less at the end and so, satisfies the column-block condition also.
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Consider matrix G7. The first line of this matrix have b — 1 zeros at
the beginning, then [, ones, and at last (s — 1, —t) + (t — b+ 1) zeros at
the end, and satisfies the column-block condition. Each next line of this
matrix has ¢ zeros more at the beginning, and ¢ zeros less at the end, and
so, satisfies the column-block condition also.

Let us count the quantity of ones in the first column of matrix G} that
is equal to this quantity for the first block-column. If b = 1 then each of

l
?r lines except the first one of matrix Gl will have some number of ones

at its beginning, and the first one will have zero there, so the quantity of

l
ones in the first block of matrix Gl is ?T — 1. At the same time, the first
line of the matrix G} has one at its beginning and other ones have zero
at their beginnings, so the quantity of ones of the first block of matrix
1,
Gb s —.
If b > 1, then the first element of each line of matrix Gl will be equal

to one, but the first element of each line of matrix G will be equal to
zero, whence the quantity of ones at first places of all lines of Gy, is equal
l
to —.
It’s easy to see that every next block of Gl has exactly 1 one less,
but every next block of G} has 1 one more, so general quantity of ones
l
is not changed and is equal to % for all columns from the first up to one
number [y — I,
Count the quantity of ones in the last column of matrix Gj. The last
element of each of — lines of matrix Gry, is equal to one, and in the came

time the last element of each line of G} is equal to zero. That is why the

l
quantity of ones in the last column of Gy is equal to ?r

It’s easy to see that moving left from last block of Gy each block we
meet, will have 1 one less then previous in matrix Gr, and 1 one more
in the matrix Gj, saving the general quantity of ones in columns with
numbers from I — [, + 1 up to l;. So the quantity of ones in each column

l
of Gy is equal to ?T O

Corollary 1 of lemma: The part ( Xy 0 Zgy O ) of matrix K
which corresponds to count relations (2.18) for fixed r by transforming
lines and columns may be reduced to being like

)

Is lr
N o— LY Tpeti —ls> Tp,+i 0 0 0
s — 71 i1
0 0 F 0
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where FE is identity matrix of order l5 — (Is,1,).
Corollary 2 of lemma: Using transformations of lines and columns,

X 0 X 00
matrix K = , may be reduced to being like { X” 0 0 |,
X Z
0 E 0
where E in such identity matrix that ( E 0 ) has defect
-1 q =2 9
SN Ul + > { s 5 ] and matrix X" looks like
s=2 r=s+1 s=2
0 L3 —Ly O
0 Ly 0 —Lo
0 Ly O 0 —Ly 0
0 Lg 0 0 0 —Lo
0 0 Lsgyy —Ls O
x"—=| 0 0 Lgs 0 —Lg
0 O L, 0 0 —L;
0 O Ly1 —Lg—o 0
0 O L, 0 —Lgo
0 O 0 L, —Lg—1

where all elements at full places are zero, and by L; we denote a matrix

which has one line all whose elements are equal to ;. In this case the

quantity of blocks-columns of matrix is equal to ¢, the width of first of

them is equal to ;1 — 1, and the widthes of others are equal to I;, ¢ > 1.
Let’s go to describing a matrix X.

According to relations (2.13; 2.14a; 2.15), it is like X = < g >, where

1 0o --- 0 0 —1
1 - 0 -1 0
0 -1 0 1 0
A=1|-1 0 0 0 1
X3
X4
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where the first block has [y — 1 columns, and each next one has [;, ¢ > 1,
columns, and X* is like

1 0 0 -1 0 0
0 1 0 0 -1 0
: 0 0 1 0 0 - -1
T __
=110 o 0 1 0 o 0 |
0 -1 0 0 1 0
0 0 -+ -1 0 0 - 1

where the sub diagonal, whose elements are equal to —1 has number nq,
i.e. the element of first line of X*?, which is equal to —1, is in the column
number nq + 1.

Matrix B looks like

Ly —-Li 0 - 0 0
Ly 0 —I 0 0
B=| .
Lyw 0 0 -« =Ly 0
Ly, 0 0 v 0 —I

where L; means the same as in matrix X”.

Consider block matrix )?”

Note that widthes of blocks of matrices A, B, and X" are equal, and
its easy to see, that if we will subtract the first column of each block of
the width [y — 1, la,...l4, from all other it’s columns, then each block
of matrices B and X” will have number [; at the first place and zeros
at the others. Denote them by Ei, and matrices which appear after
transformation of B and X” by B and X".

. B . o
Let’s find the rang of matrix s | It’s obvious that it is not less

then ¢ — 1, because its first ¢ — 1 lines are linear independent.
Let’s consider the first ¢ — 1 lines and arbitrary other line, which
contains elements /; and /;, obtaining

b -l 0 --. 0 0
I3 0o =l --- 0 0

det : . =
lg—1 O 0 -7 0
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L~ 0
= (—ll)qu -det l; 0 -1 = (—ll)qu . (lllilj — lllilj) =0. And,
(R

B
the rang of matrix ( P ) is equal to ¢ — 1.

"

That is why the rang of matrix is equal to one of matrix

X
X/l
A minus ¢ — 1, And we may generalize our calculations of dimension of
Kirichenko space.

Thus, if ¢ > 2, then the dimension of Kirichenko space may be written
I q 90, — 2 9 g 7,
out as [2} +Z(ls,l1)+z { 5 ]—l-z Z (Is,l;)—q+1 = Z {2]—%
s=2 r=2 r=2 s=r+1 r=1
79 q
YD k) —20+2

r=1s=r+1
If ¢ = 2, then matrix X” will be absent, whence the dimension of

l lo —2 l l
Kirichenko space will be [1] + [ 2 ] + (lg, 1) — 1 = [1] + [2] +

2 2 2 2
(Ig,11) — 2
If ¢ = 1, then all count relations will be represented by equality (2.13),

and the dimension of Kirichenko space will be equal to [%} .

Thus, we have proved the main theorem
Main Theorem. Let o be a permutation, which is composition of

cycles of lengthes ly,...,l;. Then the dimension of Kirichenko space is
equal to
a 11, 1
2—2q+ > by + 5 Z(ls, l,), where (a, b) denotes the greatest common
r=1 r#s

divisor of numbers a and b.
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