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Abstract. The infinite groups, in which there is no any infinite descending chain of non-invariant decomposable abelian subgroups (md-groups) are studied. Infinite groups with the minimal
condition for non-invariant abelian subgroups, infinite groups with
the condition of normality for all decomposable abelian subgroups
and others belong to the class of md-groups. The complete description of infinite locally finite and locally soluble non-periodic
md-groups is given, the connection of the class of md-groups with
other classes of groups are investigated.
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The subgroup H of the group G will be called decomposable if it
decomposes in the direct product of two non-trivial factors.
Infinite groups, in which there is no any infinite descending chain of
non-invariant decomposable abelian subgroups, are studied in this article.
Such groups will be called md-groups. Thus, if the md-group G contains
infinite descending chain of decomposable abelian subgroups A1 ⊃ A2 ⊃
... ⊃ An ⊃ ..., then the subgroup Ak is certainly invariant in the group
G for some natural number k.
The class of md-groups is wide enough. For example, infinite groups
with such restrictions as the minimal condition for non-invariant abelian
subgroups (Chernikov’s I-groups [1]); the condition of normality for all
infinite abelian subgroups (Chernikov’s IH-groups [1]); the condition of
normality for all decomposable abelian subgroups (in the case of nonabelian group such groups are called di-groups).
Key words and phrases: group, subgroup, order of the group, involution, locally
finite group, non-periodic group, decomposable abelian subgroup, minimal condition,
condition of normality.

On groups with the minimal condition

a th
.

58

1) G is quasicyclic p-group for some prime p;

cre
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All infinite groups, in which every subgroup does not decompose in
the direct product of two non-trivial factors, concern to the md-groups.
Such md-groups are described in [2] with condition of locally fineness in
the periodic case and with the condition of locally solubility in the nonperiodic case. From the theorems 1.1 and 2.1 of the article [2] will have
following propositions, which concern md-groups without decomposable
subgroups.
Theorem 1. In an infinite locally finite group G all abelian subgroups
are indecomposable if and only if it is the group of the one of the following
types:

Dis

2) G = A hbi, where A is quasicyclic 2-group, |b| = 4, b2 ∈ A and
b−1 ab = a−1 for every element a ∈ A;
3) G = Aλ hbi is the Frobenius’ group, where A is quasicyclic p-group,
B is cyclic q-group, p and q are prime, (p − 1, q) = q.

bra

Theorem 2. In a locally soluble non-periodic group G all abelian subgroups are indecomposable if and only if it is the group of one of the
following types:

lge

1) G is abelian torsion free group of rang 1;
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2) G = AλB is the Frobenius’ group, where A is abelian torsion free
group rang 1, |b| = 2 or |b| = ∞.
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Since the periodic indecomposable abelian group is cyclic or quasicyclic p-groups for some prime p, then the minimal condition for noninvariant decomposable abelian subgroups is equal to the minimal condition for non-invariant abelian subgroups in the periodic case. Groups
with such restrictions were studied by Chernikov (see [1], theorem 4.11).
That is why only non-periodic md-groups are studied further.
Theorem 3. A non-periodic group G, which does not satisfy the minimal condition for decomposable abelian subgroups, satisfies the minimal
condition for non-invariant decomposable abelian subgroups if and only if
it is the group of one of the following types:
1) G is non-periodic abelian groups with decomposable subgroups;
2) G = Q×B, where Q is the quaternion group of order 8, B is abelian
torsion free group of rank 1;
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3) G = hxi λA, where |x| = pn , p is prime (p = 2, n > 1), A is nondivisible abelian torsion free group of rank 1 and commutant G′ is
of prime order;

4) G = x2 × A hxi, where |x| = 8, A is abelian torsion free group
of rank 1 and quotient group G/ x4 is IH-group;

cre

5) G = (hzi × A) λ hxi, where |z| = 4, |x| = 2, A is abelian torsion
free group of rank 1 and quotient group G/ z 2 is IH-group;

Dis

6) G = A hbi, where A is non-periodic abelian group, b4 = 1 and
b−1 ab = a−1 for an arbitrary element a ∈ A, the centre Z(G) is of
order 2n , n ≥ 0 and when |b| = 2 the group A contains decomposable
subgroups;

bra

7) G = Aλ hbi, where A is non-periodic abelian group, which does not
contain free abelian subgroups of rank 2, or non-abelian di-group
with infinite centre, |b| = 2, the torsion part T (A) is 2-group with
one involution hai and G/ hai is IH-group;
8) G = Cλ hxi, where C = CG (a), |a| = ∞, hai ⊳ G, |Z (G)| = p and
G/Z(G) - IH-group;

lge

9) G = (hbi λA) λ hxi, where |b| = p 6= 2, A = hai A1 is abelian torsion
free group of rank 1, a2 ∈ A1 , [A1 , b] = [x, b] = 1, a−1 ba = b−1 ,
x−1 yx = y −1 for an arbitrary element y ∈ A.
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Proof. It is evident that the groups of every type which is enumerated
in the condition of the theorem satisfy the minimal condition for noninvariant decomposable abelian subgroups. That is why we will prove
only the necessity of the conditions of the theorem. The proof of necessity
is completed by lemmas, which are proved further.
Lemma 1. If a non-periodical abelian subgroup A of the md-group G contains free abelian subgroups of rank 2 or decomposable periodic subgroup,
then all subgroup of A are invariant in the group G. If A = hai × hbi,
where |a| = ∞, 1 < |b| < ∞, then ha, bi ⊳ G, all periodic subgroups of A
are invariant in the group G.
Proof. Suppose that A ⊃ hai × hbi, where |a| = ∞. Hence according
m
to the definition of the md-group the invariant subgroup ap , bD exists
E in
2

the group G among the subgroup of the chain ha, bi ⊃ hap , bi ⊃ ap , b ⊃
D k E
n
... ⊃ ap , b ⊃ ..., where p is prime. Also the invariant subgroup aq , b

(q 6= p) exists in the group G. Since pm , q k = 1, then there are two
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D m kE
integer numbers u and v, such as pm u + q k v = 1. Then ap , aq = hai,
D k E
m
ap , b · aq , b = ha, bi ⊳ G.
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If 1 < |b| < ∞, hbi ⊳ G comes from the condition ha, bi ⊳ G. Thus, all
periodic subgroups of the mixed abelian subgroup A of the md-group G
and it itself are invariant in G. Let A ⊃ hci × hdi, where hci and hdi are
finite non-trivial subgroups. Then hy, ci ⊳ G, hy, di ⊳ G for an arbitrary
element y ∈ A and that is why hy, ci ∩ hy, di = hyi ⊳ G.
Let A ⊃ ha, bi, where |a| = |b| = ∞. Then there is infinite cyclic
subgroup ha1 i ⊂ ha, bi for an arbitrary element y ∈ A such as ha1 i ∩ hyi =
1. Then according to proved earlier we have han1 , yi ⊳ G for every natural
n
number n. Hence ∩∞
n=1 ha1 , yi = hyi ⊳ G. Thus, all subgroups of A are
invariant in the group G, if the subgroup A contains the direct product
of two finite or two infinite cyclic subgroups. This completes the proof of
the lemma.
Lemma 2. All infinite cyclic subgroups are invariant in the non-periodic
non-abelian group G if and only if G = C hbi, where C is non-periodic
abelian subgroup, b4 = 1 and b−1 ab = a−1 for an arbitrary element a ∈ C.
Proof. This lemma was given without proof in the article [3]. Let us
pay attention at the necessary conditions of the lemma, because theirs
sufficiency is evident. Let G be non-periodic non-abelian group, in which
all infinite cyclic subgroups are invariant. Let us show, that the centralizer C of an arbitrary elemen x of infinite order of the group G is
abelian subgroup. If y ∈ C, z ∈ C, |y| = |z| = ∞, then hyi ⊳ G, hzi ⊳ G
and that is why [y, z] = 1. If c ∈ C and |c| < ∞, then |xc| = ∞
and [y, xc] = [y, c] = 1. If c1 ∈ C, c2 ∈ C and |c1 | < ∞, |c2 | < ∞,
then |c1 x| = |c2 x| = ∞ and [c1 x, c2 x] = [c1 , c2 ] = 1. Consequently, the
subgroup C is abelian.
It is evident, that the subgroup C contains all elements of infinite
order and all elements of finite odd order of the group G. That is why
n
G = C hbi, b2 = 1, n ≥ 1 and the element b is not commutative with
every element of infinite order of the group G. Thus, if y ∈ C, |y| =
∞, then b−1 yb = y −1 . If c ∈ C and |c| < ∞, then |cy| = ∞ and
b−1 (cy)b = (cy)−1 = c−1 y −1 , b−1 cb = c−1 . At last, from the equalities
b−1 (yb2 )b = (yb2 )−1 = y −1 b2 we get b4 = 1. This completes the proof of
the lemma.
The corollary of this lemma is the Chernikov’s theorem (see [1], theorem 4.6) on the structure of non-periodic IH-groups - non-abelian nonperiodic groups, in which all infinite abelian subgroups are invariant.
Corollary. Non-periodic non-abelian group G is IH-group if and only if
it has the finite centre of the expornent, which is not more than 2, and
all its infinite cyclic subgroups are invariant.
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Lemma 3. A non-periodic md-group G is abelian if its centre contains
the free abelian subgroup of rank 2 or the decomposable abelian subgroup
of order pq 6= 4,where p and q are prime.
Proof. Let the centre Z(G) of md-group G contains the free abelian
subgroup hai × hbi. Then all subgroups from ha, b, gi are invariant in G
for an arbitrary element g ∈ G by lemma 1. That is why hgi ⊳ G and the
group G is abelian.
Let Z(G) ⊃ hci × hdi, where the elements c and d are of finite order
and if only one of them is of odd order. Then by lemma 1 we have
hy, ci ⊳ G, hy, di ⊳ G for an arbitrary element y ∈ G of infinite order and
hence hyi ⊳ G. Thus, all infinite cyclic subgroups are invariant in the
group G. Since expZ(G) > 2, then the group G is abelian by the lemma
2. This completes the proof of the lemma.
Lemma 4. If a md-group G contains the periodic abelian subgroup A,
which does not satisfy the minimal condition, then all subgroups of A are
invariant in the group G.
Proof. According to the condition of the lemma, the subgroup A
contains the direct product A1 = ha1 i × ha2 i × ... × han i × ... of the infinite quantity of subgroups hai i, i = 1, 2, ..., n, ... of finite order. Let
hxi be an arbitrary cyclic subgroup of A. Then there are such infinite
subgroups B ⊂ A1 , C ⊂ A1 , that hxi ∩ B = hxi ∩ C = B ∩ C = 1. Let
B = hb1 i×hb2 i×...×hbn i×..., C = hc1 i×hc2 i×...×hcn i×.... Then according to the definition of the md-groups every chain hx, b1 , b2 , ..., bn , ...i ⊃
hx, b2 , ..., bn , ...i ⊃ ..., hx, c1 , c2 , ..., cn , ...i ⊃ hx, c2 , ..., cn , ...i ⊃ ... contains
the invariant subgroup. Let it be respectively subgroups hx, bk , ..., bn , ...i
and hx, cm , ..., cn , ...i. Their intersection is equal to hxi and that is why
hxi ⊳ G. Hence all subgroups of A are invariant in G. This completes the
proof of the lemma.
Lemma 5. A non-abelian md-group G is the group of one of the types
2)-3) of the theorem 3, if it contains decomposable subgroups and has
non-periodic centre.
Proof. Let z ∈ Z(G), |z| = ∞ and B be an arbitrary decomposable
abelian subgroup of the group G. If the subgroup B is non-periodic, then
B ⊳G by the lemma 1. If the subgroup B is periodic, then (hzi×B)⊳G by
the lemma 1 and hence B ⊳ G. Thus, all decomposable abelian subgroups
are invariant in the group G. From the description of such groups in [2]
we have that the group G is the group of the one of the following types
2)-3) of the theorem 3. This completes the proof of the lemma.
Lemma 6. A non-periodic md-group G, which does not satisfy the minimal condition for decomposable abelian subgroups, contains the invariant
infinite cyclic subgroup. The centralizer of every infinite cyclic invariant
subgroup contains all elements of infinite order.
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Proof. Let a non-periodic md-group G does not satisfy the minimal
condition for decomposable abelian subgroups. Then G has finite chain
A1 ⊃ A2 ⊃ ... ⊃ An ⊃ ... of abelian decomposable subgroups. There is
the subgroup Ai ⊳ G according to the definition of the md-group. Since
Ai does not satisfy the minimal condition, then the group G contains the
invariant infinite cyclic subgroup by lemmas 1 and 4.
Let hai ⊳ G, |a| = ∞, x ∈ G, |x| = ∞. Let us show that x ∈ CG (a).
Suppose, that [a, x] 6= 1. Then x−1 ax = a−1 , hxi ∩ hai = 1, x2 ∈ CG (a).
By the lemma
1 all subgroups from a, x2 are invariant in the group

G. Then x, ax2 = [x, a] 6= 1 and that is why x−1 (ax2 )x = (ax2 )−1 =
a−1 x2 . Hence a−1 x−2 = a−1 x2 , x4 = 1. We obtain a contradiction. Thus
[a, x] = 1. This completes the proof of the lemma.
Further let us investigate a non-periodic md-groups with the periodic
centre.
Lemma 7. If a non-periodic md-group G has the periodic centre Z(G) of
even order, then G = C hxi, where C is the centralizer of every invariant
infinite cyclic subgroup of G, x8 = 1. expZ(G) = 2m ≤ 4 and |Z(G)| <
∞. If expZ(G) = 4, then Z(G) is the cyclic group.
Proof. By the lemma 6 the group G has invariant infinite cyclic subgroup hai. Then G = C hxi, where C = CG (a), x ∈
/ C, x2 ∈ C, |x| < ∞.
n
−1
−1
|x| = 2 , n ≥ 1 and x ax = a . Let |x| > 2. By the lemma 1
D n−1 E
D
E
n−1 2
the subgroup ax2 × x2
is invariant in G. Then ax2 , x2
=
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a2 x4 ⊳ G. Hence x−1 (a2 x4 )x = (a2 x4 )−1 = a−2 x−4 = a−2 x4 , x−4 = x4 ,
x8 = 1.
Let us find out, elements of what order can be in the centre Z(G).
Let z ∈ Z(G), |z| < ∞. According to the condition of the lemma Z(G)
contains the involution i. Then (hazi × hii) ⊳ G, a2 z 2 ⊳ G, x−1 a2 z 2 x =
(a2 z 2 )−1 = a−2 z 2 , z 4 = 1.
We have, that |Z(G)| < ∞, because else Z(G) hxi is infinite abelian
2-group, which does not satisfy the minimal condition. Then we have
hxi ⊳ G by the lemma 4. Hence we obtain the contradiction according to
the condition of the lemma.
Let expZ(G) = 4. Let us show, that in this case Z(G) = hzi. Suppose, that Z(G) ⊃ hzi×hci, where |z| = 4, |c| = 2. Then (hazi× z 2 )⊳G,
(hazi × hci) ⊳ G. Hence az, z 2 ∩ haz, ci = hazi ⊳ G. Then x−1 (az)x =
(az)−1 = a−1 z −1 = a−1 z. And z 2 = 1, we obtain the contradiction according to the condition of the lemma. This completes the proof of the
lemma.
Lemma 8. If a non-periodic md-group G has the cyclic centre of order
4, then G is the group of the one of the types 4)-5)of the theorem 3.
Proof. By the lemma 7 we have G = C hxi, where C = CG (a),
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|a| = ∞, hai ⊳ G, x8 = 1. Let |x| = 8. Then x2 ∈ C. Let us show,
that Z(G) = x2 . Since expZ(G) = 4, then the group G contains the
non-trivial infinite cyclic subgroup by the lemma 2. The fact, that the
subgroup C does not contains the free abelian subgroup of rank 2 and
the decomposable periodic subgroup, follows from the lemma1. That is
why the torsion part T (C) is locally cyclic 2-group or the quaternion
group and all subgroups of T (C) are invariant in G. Since y, x4 ⊳ G
for an arbitrary element y ∈ G of infinite order, then all infinite cyclic
subgroups are invariant in quotient group G/ x4 and its centre is finite.
Hence G/ x4 is IH-group.
Let us specify the structure of the subgroup C. Let y1 , y2 are arbitrary
elements of infinite order of the group G. Then y1 , y2 , x4 is abelian
group, because y1 , y2 , x4 / x4 is cyclic group. Hence C is abelian
group and C = x2 × A, where A is abelian torsion free group of rank
1. The group G is the group of the type 4) of the theorem 3.
Let Z(G) = hzi, |z| = 4 and |x| ≤ 4. If |x| = 4, then hxi ∩ hzi =
6
1, else all infinite cyclic subgroups are invariant in G. We obtain the
contradiction according to the condition of the lemma. Then (xz)2 = 1
and let us take the element xz instead the element x. Hence, |x| = 2.
Also C = hzi × A, where A is abelian torsion free group of rank 1. The
group G is the group of the type 5) of the theorem 3. This completes the
proof of the lemma.
Further let us study non-periodic md-groups, which have expZ(G) =
2 and 4 ≤ |Z(G)| < ∞.
Lemma 9. If the centre of non-periodic md-group G is finite elementary
2-subgroup of the order, which is not less then 4, then G is IH-group and
belongs to the groups of the type 6) of the theorem 3.
Proof. Let Z(G) ⊃ hz1 i × hz2 i, |z1 | = |z2 | = 2, y ∈ G and |y| = ∞.
Then hy, z1 i⊳G, hy, z2 i⊳G by lemma 1. Hence hyi⊳G. Since |Z(G)| < ∞,
then G is IH-group and according to the corollary of the lemma 2 G is
the group of the type 6) of the theorem 3. This completes the proof of
the lemma.
Lemma 10. If a non-periodic md-group G = C hxi, where C = CG (a),
|a| = ∞ and hai ⊳ G, |x| ≤ 4, |Z(G)| = 2, then either G is IH-group or
G/Z(G) is IH-group. G is the group of either the type 6) or the type 7)
of the theorem 3.
Proof. If the subgroup C contains the free abelian subgroup of rank 2
or the decomposable periodic subgroup, then all infinite cyclic subgroups
of the group G are invariant. Since |Z(G)| = 2, then G is IH-group
according to the corollary of the lemma 2 and G belongs to the groups
of the type 6) of the theorem 3.
Let the torsion part T (C) does not contain any decomposable sub-
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groups and C does not contains free abelian subgroups of rank 2. Then
T (C) is 2-group with one involution and that is why it is either the locally cyclic 2-group or the quaternion group. It is either hyi ⊳ G for an
arbitrary element y ∈ G of infinite order or there is such element y ∈ G,
that |y| = ∞, hyi is not invariant in G, but hy, ii ⊳ G, where hii = Z(G).
In the first case we also have, that G is the group of the type 6) of
the theorem 3.
In the other case the quotient group Ḡ = G/ hii is IH-group. All
decomposable subgroups of the group G are non-periodic, are contained
in C, are invariant in G, if T (C) hxi has one involution.
Suppose, that T (C) hxi contains the elementary abelian subgroup A
of order 4. Then, when|x| = 4 G ⊃ hxi × hii, where i2 = 1, we have
hii = Z(G). Since x2 , a = 1, then x2 ⊳ G, x2 ∈ Z(G), and we obtain
a contradiction. Hence |x| = 2 and G is the group of the type 7) of the
theorem 3. This completes the proof of the lemma.
Lemma 11. If a non-trivial centre Z(G) of the non-periodic md-group
G is periodic subgroup with the elements of odd order, then |Z(G)| = p,
p is prime odd number.
Proof. The centre Z(G) is the locally cyclic p-group for some odd
prime p according to the lemma 3. Suppose, that Z(G) ⊃ hbi, |b| = p2 .
Then we have hab, bp i ⊳ G, hap , bp i ⊳ G, x−1 ap bp x = (ap bp )−1 = a−p bp ,
b−p = bp , b2p = 1 for subgroup hai, where |a| = ∞ and hai⊳G, x ∈
/ CG (a).
We obtain a contradiction. Thus, |Z(G)| = p. This completes the proof
of the lemma.
Lemma 12. If the centre Z(G) of the non-periodic md-group G is of the
order p 6= 2, then G = Cλ hxi, |x| = 2, C = CG (a), |a| = ∞, hai ⊳ G,
G/Z(G) is IH-group and the group G belongs to the groups of the type
8) of the theorem 3.
Proof. hy, Z(G)i ⊳ G for an arbitrary element y ∈ G of infinite order.
Then all infinite cyclic subgroups are invariant in Ḡ = G/Z(G). Since
Ḡ = C̄λ hx̄i and C̄ has not involution, then Z(Ḡ) = 1, Ḡ is IH-group.
The group G is the group of the type 8) of the theorem 3. This completes
the proof of the lemma.
Let us investigate the structure of the non-periodic md-groups, which
does not satisfy the minimal condition for decomposable abelian subgroups and has trivial centre. In this case we have G = Cλ hxi, where
C = CG (a), |a| = ∞, hai⊳G, |x| = 2 and the subgroup C is either abelian
or di-group.
Lemma 13. If a non-periodic md-group G with the trivial centre does
not satisfy the minimal condition for the decomposable abelian subgroups
and G = Cλ hxi, where C = CG (a) is abelian group, |a| = ∞, hai ⊳ G,
|x| = 2, then G is IH-group and belongs to the groups of the type 6) of
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the theorem 3.
Proof. If the subgroup C contains the decomposable abelian either
torsion free subgroup or periodic subgroup, then all subgroups of C are
invariant in G by the lemma 1. Since Z(G) = 1, then G is IH-group and
belongs to the groups of the type 6) of the theorem 3.
Suppose, that C does not contain decomposable torsion free subgroups and periodic decomposable subgroups. Then C = A × B, where A
is the abelian torsion free group of rank 1, B is the locally cyclic p-group,
p 6= 2. Let b ∈ B, |b| = p. According to the proved in the lemma 1 we
have B ⊳ G and hb, yi ⊳ G for an arbitrary element y ∈ G of infinite order.
Let hyi is not invariant in G. Then x−1 yx = y k bm , x−1 y p x = y pk = y −p .
Hence k = −1. Since [x, b] 6= 1, then x−1 bx = bn , n 6= 1. b = x−2 bx2 =
2
(x−1 bx)n = bn . That is why n2 ≡ 1(modp) and n = −1, x−1 bx = b−1 .
Then y = x−2 yx2 = x−1 (y −1 bm )x = (x−1 yx)−1 (x−1 bx)m = y −k b−m ,
b−m = yb−2m .
Hence b−2m = 1, bm = 1 and x−1 yx = y −1 . Thus, hyi ⊳ G. Hence
all infinite cyclic subgroups are invariant in G and Z(G) = 1. Then G
is IH-group and belongs to the groups of the type 6) of the theorem 3
according to the corollary of the lemma 2. This completes the proof of
the lemma.
Lemma 14. If a non-periodic md-group G with the trivial centre does
not satisfy the minimal condition for decomposable abelian subgroups and
G = Cλ hxi, where C = CG (a) is abelian di-group, |a| = ∞, hai ⊳ G,
|x| = 2, then G is the group of the type 9) of the theorem 3.
Proof. Since the centre Z(G) is non-periodic and all finite subgroups
of C are invariant in G and Z(G) = 1, then C = hbi λA by the theorem
2.2. from [1], where |b| = pn , p 6= 2, n ≥ 1, A is non-divisible abelian
′
torsion free subgroup of rank 1 and the commutant C is of prime order
p. If the subgroup C contains all elements of infinite order of the group
G, all p-elements (p 6= 2) and the group G does not contain elements of
order 4, then (xb)2 = 1. Hence x−1 bx = b−1 .
n−1
Let us show, that |b| = p. Let |b| = p2 > p. Then bp
= b1 ∈ Z(G).
Then hb1 , yi ⊳ G for an arbitrary element y ∈ G of infinite order by the
−1 p
lemma 1. Hence hy p i ⊳ G and that is why x−1 yx = y k bm
1 , x y x =
kp
−p
−2
y = y . Consequensly, k = −1. Further we have y = x yx2 =
−1
−1 · (x−1 b x)m = yb−m · b−m = yb−2m .
x−1 (y −1 bm
1
1 )x = (x yx)
1
1
1
−1
−1
Since p 6= 2, then bm
1 = 1, x yx = y . Let us take an arbitrary
element a ∈ G. Then |ba| = ∞ and according to the proved x−1 (ba)x =
(ba)−1 = a−1 b−1 and x−1 (ba)x = (x−1 bx) · (x−1 ax) = b−1 a−1 . Hence
[a, b] = 1. We obtain the contradiction according to the condition of the
lemma. Thus, |b| = p 6= 2.
The group G contains invariant decomposable abelian subgroups by
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the theorem 2.2. from [1]. Such group can be only the group of order 2p
by the lemma 1. That is why [x, b] = 1.
Let CA (b) = A1 6= A. Then A/A1 is finite cyclic group and that is
why A = hai A1 for some element a ∈ G.
Let us investigate the possible order of the element xa. Since the
subgroup C contains all elements of infinite order and all p-elements, then
either |xa| = 2p or |xa| = 2. If |xa| = 2p, then (xa)2 = p and (xa)2 = bk ,
(k, p) = 1. Hence x−1 ax = bk a−1 . Then a = x−2 ax2 = x−1 (bk a−1 )x =
bk · (x−1 ax)−1 = bk ab−k and that is why a ∈ CA (b). Hence we obtain the
contradiction according to the condition of the lemma. Thus, |xa| = 2
and x−1 ax = a−1 . Hence x−1 yx = y −1 for an arbitrary element y ∈ A.
Let C1 = CG (b). It is evident, that C1 = hb, A1 , xi ⊳ G. Then
[a, x] = a−2 ∈ C1 . That is why a−1 ba = b−1 . At last we have G =
(hbi λ hai A1 )λ hxi, |b| = p 6= 2, |x| = 2, hai A1 = A is non-divisible
abelian torsion free group of rank 1, a2 ∈ A1 , [A1 , b] = [x, b] = 1,
a−1 ba = b−1 , x−1 yx = y −1 for an arbitrary element y ∈ A. Thus,
the group G is the group of the type 9) of the theorem 3. This completes
the proof of the lemma. This also completes the proof of the theorem.
Corollary. A non-periodic md-group G, which contains decomposable
abelian subgroups, contains non-invariant decomposable abelian subgroups
if and only if, it is the group of the type 5),7), 8), 9) of the theorem 3
or the group of the type 6) of the theorem 3, if it contains the Klein’s
subgroup.
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